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PEBFACE. 



rriHE preBeut work originated in certain notes, made about 
twenty-five years ago, upon the properties of some of the 
best-known higher plane curves; but upon attempting to revise 
them for the press, it appeared to me impossible to discuss the 
subject adequately without investigating the theory of the 
singularities of algebraic curves. I have accordingly included 
Pliicker's equations, which determine the number and the species 
of the simple singularities of any algebraic curve ; and have also 
considered all the compound singularities which a quartic curve 
can possess. 

This treatise is intended to be an elementary one on the 
subject. I have therefore avoided investigations which would 
require a knowledge of Modem Algebra, such as the theory of 
the invariants, covariants and other concomitants of a ternary 
quantic ; and have assumed scarcely any further knowledge of 
analysis on the part of the reader, than is to be found in most 
of the ordinary text-books on the Differential Calculus and on 
Analytical Geometry, I have also endeavoured to give special 
prominence to geometrical methods, since the experience of 
many years has convinced me that a judicious combination of 
geometry and analysis is frequently capable of shortening and 
aimplifjdng, what would otherwise be a tedious and lengthy 
investigation. 
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The introductory Chapter contains a few algebraic definitions 
and propositioDB which are required in subsequent portions of 
the work. The second one deals with the elementary tbeoty of 
the singularities of algebraic curves and the theory of polar 
curves. The third Chapter commences with an explanation of 
tangential coordinates and their uses, and then proceeds to 
discuss a variety of miscellaneous propositions connected with 
reciprocal polars, the circular points at infinity and the foci of 
curves. Chapter IV is devoted to Pliicker's equations; whilst 
Chapter V cont^ns an account of the general theory of cubic 
curves, including the formal proof of the principal properties 
which are common to all curves of this degree. In this Chapter 
I have almost exclusively employed trilinear coordinates, since 
the introduction of a ti-jangle of reference, whose elements can 
be chosen at pleasure, constitutes a vast improvement on the 
antiquated methods of homogeneous coordinates and abridged 
notation. Chapter VI is devoted to the consideration of a variety 
of special cubics, including the particular class of circular cubics 
which are the inverses of conies with respect to their vertices; 
and in this Chapter the method of Cartesian coordinates is the 
most appropriate, A short Chapter then follows on curves of 
the third class, after which the discussion of quartic curves 



To adequately consider such an extensive subject as quartic 
curves would require a separate treatise. I have therefore 
confined the discussion to the simple and compound singulari- 
ties of curves of this degree, together with a few miscellaneous 
propositions; and in Chapter IX, I proceed to investigate the 
theory of bicircular quartics and cartesians, concluding with the 
general theory of circular cubics, which is better treated as a 
particular case of bicircular quartics than as a special case of 
cubic curves. Chapter X is devoted to the consideration of 
various well known quartic curves, most of which are bicircular 
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or are cartesians ; -whilst Chapter XI deals with cycloidal 
curves, together with a few miscelloDeous curves which fre- 
quently occur in mathematical investigations. The theory of 
projection, which forms the subject of the last Chapter, is 
explained in most treatises on Conies; but except in the case 
of conies, due weight has not always been given to the important 
fact that the projective properties of any special class of curves 
can be deduced from those of the simplest curve of the species. 
Thus all the projective properties of tricuspidal quartics can be 
obtained from those of the three-cusped hypocycloid or the 
cardioid ; those of quartics with a node and a pair of cusps 
from the lima9on ; those of quartics with three biflecnodes from 
the lemniscate of Bernoulli or the reciprocal polar of the four- 
cusped hypocycloid ; whilst the properties of hinodal and bi- 
cuspidal quartics can be obtained from those of bicircular quartics 
and cartesians. 

Whenever the medical profession require a new word they 
usually have recourse to the Greek language, and mathematicians 
would do well to follow their example; since the choice of a 
suitable Greek word supplies a concise and pointed mode of 
expression which saves a great deal of circumlocution and 
verbosity. The old-fashioned phrase "a non-singular cubic or 
quartic curve" involves a contradiction of terms, since Plttcker 
has shown that all algebraic curves except conies possess sin- 
gularities; and I have therefore introduced the words autotomic 
and anautotomic to designate curves which respectively do and 
do not possess multiple points. The words perigra/pkic, endo- 
dromie and exodromic, which are defined on page 14, are also 
usefdl; in fact a word such as aperigraplae is indispensable in 
order to avoid the verbose phrase "a curve which has branches 
extending to infinity." 

At the present day the subject of Analytical Geometry 
covers so vast a field that it is by no means easy to decide 
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what to insert and what to leave out. I trust, howeyer, that 
the present work will form a useful introduction to the higher 
branches of the subject; and will facilitate the study of a 
variety of curves whose properties, by reason of their beauty and 
elegance, deserve at least as much attention as the well-worn 
properties of conies. 



Flhdbobouqh Hall, 
HoLTFORT, Berks. 
Augutt, 1901. 
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CHAPTER I. 

INTRODUCTION. 

1. Before commencii^ the atudy of plane cnrves, we shall 
prove certain propoeitions connected with the Algebra of Quantics 
which will be required in subsequent Chapters of this work. 

A homogeneous function of any number of variables is called a 
quantic. Quantics are called binary, ternary, quaternary, n-ary 
according as they contain two, three, four or n variables ; whilst 
the degree of the quantic is denoted by the words quadric, cu6tc, 
quartic, n-tic. Thus the general equation in Cartesian coordinates 
of three straight lines through the origin is a binary cubic, whilst 
the general equation of a conic in trilinear coordinates ia a ternary 
quadric. 

The most general expression for a binary quantic is 

tM^ + o,a;"-'j/ + a^-^'+... a^,3y-' + a,^" (1), 

which is usually written in the abridged form (u,, a,, ... aj^x, y)"*. 
This form is generally the most convenient to employ in geo- 
metrical investigations ; hut in purely analytical ones it is usually 
better to use the form 

(ii,af + nOiOf^^y + "^" a^'f^y'' +■■■ na^,xy"-' + o„y" . . .(2), 

in which each term is multiplied by the coefficients of x in the 
expansion of (l + ic)". In this expression the coefficients are said 
to be binomial, and the quantic is denoted by 
(a,, Oi.o,, ... Onjic, y)". 

For quantics containing more than two variables a similar 
notation is employed. Thus the expression 
(a,, Oi, ... Ojja;!, «>, ... «,)" 
& c. 1 
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2 INTEODUCTION. 

denotes a p-ary n-tic, in which the different terms are multiplied 
by the coefficients of the corresponding term in the expansion of 

2. If f be a quantic, the result of eliminating the variables 

Xi, Xi, ... x„ between the equations 

f -0, ^.o,...f .0 

ox, dXf axn 

is called the discriminant of the quantic. 

The discriminant of every quadric can be at once written 
down in the form of a symmetrical determinant ; for in this case 
dFjdx, &a are linear functions of the variables. Thus the dis- 
criminant o£ the ternary quadric 

aa!' + bf + cz' + 2fyz + 2gzx+2kxy (3) 



«, 


h. 


H ' 


*, 


b. 


f 


s. 


/. 


C 



or ahc + 2fgk - af — bg'-ck' (4), 

which expresses the condition that the quadric should be re- 
solvable into two linear factors. When the quantic is not a 
quadric, the elimination must be performed by the methods 
explained in treatises on Algebra; but for binary cubics and 
quarties, the elimination may easily be performed by the following 



3. Let 

(oo, Oi, ... a^^x, yf = and (&„, K ... 6„5ir, y)" = 
be two binary n-tics. If both these equations be divided by y" 
and z=xjy, they become two equations of the wth degree in z. 
Multiply the first equafion by fc„, and the second by an, subtract 
and divide out by z, and the resulting equation is one of degrae 
71 — I. Multiply the first equation by h^ and the second by Oj, 
and subtract, and the resulting equation will also be of degree 
n — 1. We have therefore replaced the two equations of degree n 
by two other equations of degree n — 1, and the process may be 
continued until we arrive at two simple equations from which z 
can be eliminated. 
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DISCRIMINANTS. 3 

The result of eliminating z and y between two binary quantica 
is called their eliminant. Eliminants are aometimes called re- 
sultants ; but the former term is. the better one, since it is more 
expressive of the precise nature of the process employed. 

4. We shall now wiite down the discriminants A of the 
binary quadric, cubic and quartic. 

(i) The (juadric (a, 6, cja;, y)* 

i^^ac-b' (5). 

(ii) The cubic (a, 6, c, d^x, yf 

^ = (ad-bcy-i{ac-'b>)(bd-(?) .* (6), 

or A = a'cP - 6a6cd + 4ac' + 46"^ -St^c* (7). 

(iii> The quartic (a, h, e, d, ejic, yf 

d=/'-27J"» (8), 

where Z = ae — 4,bd + Bc^ J 1 



J"= (we + 26cd - ad? — \^6~ 



..(9). 



5. We shall nest establish certain propositions concerning the 
roots of an equation. These theorems ate contained in most 
treatises on the Theory of Equations, but it will be convenient 
to collect them for future reference. 

The condition that the equation F{z) = Q should have r equal 
roots ts obtained by eliminating z between the r equatiota. ^ 

F{z) = 0, J"(«) = 0, ... F'-'(z) = 0. 

Let a be one of the roots of F(z) = 0; and let z — a = h; then 
by Taylor's theorem 

Fiz) = F{a + h) = F{(i) + hF'(a)+^h'F"(a)+...=0. 

Since a is a root of the equation, F(a) = 0; whence dividing 
out by k, it follows that if a second root is equal to a, F'((i) = (t. 
Continuing this process it follows that if r roots are equal to a, all 
the differential coefficients of F(a) up to the (r — l)th must 

6, 7%e condition that the equation (a,, a,, ... (i„5«, 1)'' = 
should have two equal roots is that the discriminant of the binary 
quantie (Oq, a,, ... a^x, y)" should vanish. 

Let. 

F(2) -(cvft, ■■• Onl^, ir -(lO). 

Fix, y) = (Oo, a„ ... onja'.y)" (H), 

1—2 
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4 INTBODUCTION. 

then we have already shown that the condition that (10) should 
have a pair of equal roots is that the elimioant of F(2) = 
and F'{z)*=0 should vanish; and cooeequently the eliminant of 
F' (z) = and nF(z) — zF' (z) = must vanish. But on writing out 
these expressions in full, it will be found that these conditions 
are the same as 

ax ay 

which are the conditions that the discrimiDant of F{a!, y) should 
vanish. 

If F{x, y) is a biliary n-tic given by (11), it follows that 
d^Ffdaf divided by the numerical factor n(n — l)..,(n — r+1) isa 
binary (n — r)-tic ; in other words if 

*^"" «(n-l)..^(«-r + Tj£=K-"--"^S^-y)'^- 
whence the theorem of § 5 may be otherwise stated : — 1/ 

F(z) = (a,.a„...a,;^z,ir, 
the condition that the equation F(z) = way have r equal roots is 
that the discriminants of F {z) and all its differential coefficients up 
to the (r — 2)tk should vanish. 

1. We shall proceed to find the conditions for equalities 
between the roots of cubic and quartic equations. 



The Cubic. 
The condition that two of the roots of the cubic 
(a,6, c, rfja, l)»-0 
should be equal is that the discriminant should vanish ; whence 
by (6) the required condition is 

(ad-6c)'-4(ac-6')(M-c»)-0 (12). 

If a third root is equal the discriminant of the quadratic 
(a, 6, c^z, 1)^ = must also vanish; whence by (5) we have the 
second condition 

dc — 6' = 0. 
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THE QUARTIC. 5 

CombiniDg this with (12) we obtain 

alb = b/c = cld (13), 

which are the required conditiooB that three roots should be 

equal. 

The Quartic. 

The conditions that three of the roots of the quartic 
(a, b, c, d. ejz, 1)* = 
should be equal is that the discntuinants (6) and (8) should 
Tanish, From (6) and (9) we obtaio 

/-06-c'-4(6d-o') 
. (ad -bey 

aJ 

which by (8) requires that 

7 = 0, /=0 (14). 

The condition that the quartic should have four equal roots 
involves the additional equation ac — b'f 0. In combination with 
(14), this leads to the three equations 

a/b = hjc = eld = d/e (15). 

The conditions that a quartic should have two pairs of equal 
roots, which are the conditions that the quartic should be the 
square of a quadratic factor, can be readily obtained by means of 
the relations which exist between the coefficients and the two 
pairs of equal roots a and ;9. These four relations, after a and ^ 
have been eliminated, iead to the results 
ad' = b^e ) 



26" + (I'd = 



..(16). 



8. The condition that the product of two of the roots of the 
equation F(z) = should be equal to — 1 is the condition that the 
eliminant of the equations F{z)=0 and F{~z-^)^0 should 
vanish. This eliminant is required in finding the orthoptic locus 
of a curve, and we shall show how it can be obtained in the case 
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of the quartic (a, b, c, d, e^e, 1)* - 0. Express the coefficients in 
terms of the four roots a. ar\ jS, 7, and it will be found on elimi- 
nating a that the four relations can be reduced to three which are 
functions of ;3 + 7 and /Sy. Eliminate these two quantities, and 
the result is 

ib + d)(ad + be) + ia + c+e)(a - ey = (17). 

Putting successively c=0,d=0 we obtain the correajronding 
eliminants for a cubic and a quadratic, which are 

(b + d)d + (a+c)a = (18), 

a + e -0 (19). 

When F(z) is of the nth degree, the eliminant is of degree 
n — 1 in the coefficients. 



The Hessian. 

9. Let M be any quantic; let Mi, w,, m, ... denote its first 
differential coefficients with respect to the variables a;,, «j, a^ ,.,; 
also let w„. Wi». Ww ■■■ denote the differential coefficients of u, with 
respect to a.,, a;,, x, .... Then the determinant 



is called the Hessian of u. We shall denote it by the letter H. 

The Hessian is so called because it was first studied by the 
German mathematician Hesse, and it has important applications 
in the theory of curves. In the next Chapter we shall show that 
any ternary quantic equated to zero is the equation of a curve in 
trilineai- coordinates; and that the Hessian when equated to zero 
represents a curve which passes through the points of infiexioa of 
the original curve. 

The Hessian of a ternary quanlic is evidently obtained by 
substituting the values of w,,..., u^ ... for a..., /... in (4) and is 
therefore equal to 

«ll«-nMs, + 2U„U„U,3 — WiiM'js - WaaW'ia — UsJM^^ (21), 
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and siace «,, &c. are of degree n - 2 in the variables, it follows 
that the Hessian is of degree 3 (n — 2). Hence the Hessian of a 
tenuu'y cubic is also a cubic 

The reader who possesses an elementary knowledge of invari- 
ants and covariants will observe that discriminants are invariants 
and Hessians are covariants. Binary quadrica and cubics have 
only one invariant, viz. their discriminant. Binary quarticB have 
two invariants, viz. the functions / and J, the vanishing of which 
expresses the condition that the quartic (regarded as an equation 
in y!iE) has three equal roots. A binary cubic has two covariants, 
viz. its Hessian 3, and its cubicovariant G. The values of E 
and G are 

ff = ((ic-t>)iC + (arf-6c)OT/ + (6<i-c»)3/» (22), 

G = {a?d - 3a6c + 26^, abd - 2ac» + fc, 

- acd + 26' d - 60", - ad* + Zbcd - Id'^x, yf. . .(23). 

A ternary cubic has two invariants of degrees 4 and 6 in the 
coefficients, which are usually denoted by 8 and T. For further 
information on this subject the reader may consult Elliott's 
Algebra of Quantics; Salmon's Lessons in Higher Algdn-a; and 
Salmon's Higher Plane Curves. 
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CHAPTER 11. 

THEORY OF CURVES. 

10. The general equatioa of a curve of the nth degree, when 
espreased id Carbesiaa coordinates, may be written in the form 

"„+«„_, + M, + «,=0 (1), 

where u„ is a binary quantic in x and y. The number of ternia in 
lir is obviously one more than in Ur-i> ^nd is therefore equal to 

r + 1 ; whence the total number of terms in (1) is 1+2+ n+1, 

which is e<^ual to J (n + 1) (m + 2). 

The number of independent constants in (1) is equal to one 
leas thaQ the number of terms it contains, since the generality of 
(1) remains unaltered when each term is divided by u, and new 
constants are substituted for the ratios of the old ones to «,. 
Hence the general equation of a curve of the nth degree contains 
only Jn(ii + 3) independent constants, and therefore the curve 
can only be made to satisfy the same number of independent 
conditions. 

The general equation of a curve of the nth degree in trilinear 
coordinates (a, yS, 7) may be written in the form 

a"«o + o"-'w,+ ... aM^i + M„ = (2), 

where u^ is a binary quantic in /3 and 7. Hence every ternary 
quantic of degree n contains i(n+ l){n + 2) terms, and ^Ji(?i + 3) 
independent constants. 

11. It is shown in treatises on Algebra that if Vm, ^n be any 
rational algebraic functions of as and y of degrees m and n respec- 
tively, and if ^ be eliminated between the equations f/„ = 0, 
F, = the resulting equation in x will be of degree mn. Hence 
two curves of the mth and nth degrees intersect in mn points. 
Accordingly a straight line intersects a curve of the nth degree in 
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n points, and if n is odd one at least of these points must be real. 
A conic intersects the curve in 2n points, of which all must be 
imaginary or an even number must be real. 



Multiple Points. 

12. When a curve cuts itself once at the same point, the 
latter is called a dovhle point, and the curve has two tangents at 
this point. When the two tangents are distiDct, the double point 
is called a crunode or shortly a node; when they are imaginary, 
the point is called an acnode or a conjugate point \ and when they 
are coincident, the point is called a spinode or cusp. 

An example of the three kinds of double points is furnished by 
the lima9on, whose equations in polar and Cartesian coordinates 
are 

r = a + & cos ^ 
and (!>? + fy~lbx{sd' + f) = {a* -}?)!!? +aY (3). 

When h>a, the curve is the inverse of a hyperbola with 
respect to a focua, and cuts itself at the origin. The angle 
between the tangents to the two branches is equal to 2 cos~' ajh, 
and the origin is a node. When a=b. the loop disappears, and 
the origin becomes a c^isp, in which case the curve is called a 
cardioid. When a>b, the Cartesian equation is satisfied by ic = 0, 
y = 0, but no real branches of the curve pass through the origin. 
The tangents at the origin are therefore imaginary, and the latter 
is a conjugate point. It thus appeara that conjugate points are 
isolated points whose coordinates satisfy the equation of the curve, 
but the curve itself does not pass through them. 

When a curve possesses a conjugate point, the latter is always 
the limit of an oval which shrinks up into a point ; and it will be 
shown hereafter that the acnodal liraa^on is a limiting form of a 
quartic curve, called the oval of Descartes, which consists of two 
ovals, one of which lies inside the other. 

13. When three branches of a curve pass through a point, the 
latter is called a triple point ; and generally if k distinct branches 
of a carve pass through a point, the latter is called a multiple 
point of order k. 
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14. WheD two curves intersect ooe another in r + 1 coincident 
points, they are said to have a contact of the rtk order with one 
another. 

When two curves have a contact of the 'first order with one 
another at two distinct points, they are said to have a double 
contact with one another. 

15. Every straight line through a double point has a contact of 
t^e first order vnth ike curve at that point. 

Let any two points be taken on the curve in the neighbourhood 
of a double point; then the straight line through these points 
intersects the curve in at least two points. Accordinglj^ by making 
the two points move up to coincidence with the double point, it 
follows that every straight line through the tatter intersects the 
curve in two coincident points. 

16. Every tai>gent at a double point has a contact of the second 
order with the curve. 

Take any point P on the curve near the double point; then 
the line through P and the double point ultimately becomes a 
tangent at the latter. But since every line through a double 
point intersects the curve in two coincident points, the tangent at 
the double point intersects the curve in three coincident points. 

In the same way it can be shown that if a curve A passes 
through a double point on a curve B, the former has a contact of 
the first order with the latter at the double point, but the curves 
will not touch one another unless the curve A intersects one of the 
branches of B, which passes through the double point, in two 
coincident points. In this case the curve A will have a contact of 
the first order with the particular branch, and a contact of the 
second order vnth the curve B at the double point. 

17. A tangent to a curve is usually defined as a line which 
intersects the curve in two coincident points, or as a line which 
has a contact of the first order with the cnrve ; but this definition 
is only applicable to curves of the second degree. For we have 
just shown that every line thiough a double point satisfies the 
preceding definition of tangency, whereas there are only two 
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taagents at a double point, both of which have a contact of the 
second order with the curve. The preceding definition is conse- 
quently wanting in accuracy ; and we shall therefore define a 
tangent at any point of a curve as the tine of closest possible 
contact with the curve <U thai point. 

We shall now resume the consideration of multiple point& 

18. If a curve be referred to a point on itself as origin, the 
linear term equated to zero is the equation of the tangent ai tiie 
origin. 

The general equation of a curve of the nth degree when 
expressed in polar coordinates may be written 

A +{B coa0+ Cain0)r + (D oo^e + Esin20 + Fsm*e)i' 

+ «,+ .. +M„ = :....(4). 

When the origin lies on the curve A = 0, and one value of r is 
zero ; if, however, $ be determined so that 

Bcos5-i-Csin6' = (5), 

two values of r will be zero, and the line 

Ba;+Cy = 
is the tangent to the curve at the origin, 

19. If the origin be a double point the term of lowest dimenmonB 
is the quadratic term, and this term equated to zero is the equation 
of the tangents at the double point. 

if B = C = two values of r will be zero whatever the value of 
may be ; and every line passing through the origin will have- a 
contact of the first order with the curve. If, however, be deter- 
mined so that 

Dco^0 + Esm20 + F9m''0 = O (6), 

three values of r will be zero, and the two lines whose inclinations 
to the axis of x are determined by (6) will have a contact of the 
second order with the curve. The origin is therefore a double 
point, and (6) gives the directions of the tangents at the origin. 
Their equation is 

Da^ + 2Ea:y + Fg" = (7) 

It appears from (7) that the two tangents at the double point 
will be real, coincident or im^nary according as jB" > or = or 
< DF, in which three respective cases the origin will be a node, a 
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cusp or a conjugate point. In the case of the lima^ou, the 
tangents at the origin are given by the equation 

(a'-fc');t» + ay-0, 
hence the latter is a node or a conjugate point according as 
fi > or < a, that is according as the limajon is hyperbolic or 
elliptic. When a = b, the curve is a cardioid and the origin is a 
cusp whose cuspidal tangeut is the axis of ar. 

Although the cusp has occurred as a species of double point, 
it may be well to remark that it is really a distinct singularity ; 
moreover there are ditferent kinds of cusps, such as rhaviphoid, 
tacnode and oscnode cusps, all of which excepting the spinode are 
multiple points of a higher order than the second. The spioode is 
sometimes called a keratoid cusp from a fancied resemblance to 
the foim of a horn. 

If D = E = F= 0, the origin is a triple point, the tangents at 
which are determined by the equation «,— 0. There are four 
kinds of triple points according as the roots of this equation are 
(i) real and unequal, (ii) leal and two equal, (iii) real and all three 
equal, (iv) one real and two complex. 

Since every line straight or curved which passes through a 
double point intersects the curve in two coincident points, it 
follows that a cubic cannot have more than one double point ; for 
if it had two, the line joining them would intersect the cubic in 
four points, which is impossible. Similarly a quartic cannot have 
more than three double points; for if it had four, a conic could be 
described through the four double points and any fifth point on 
the curve, and the conic would therefore intersect the quartic in 
nine points, which is impossible, since a conic and a quartic cannot 
intersect in more than eight points. Accordingly a limit exists to 
the number of double points which a curve can have. A curve 
may also have a lower number of double points than the maximum; 
and it will be shown hereafter that unless the discriminant of a 
ternary quantic vanishes, the curve obtained by equating the 
quantic to zero has no double points. A curve may also have 
imaginary multiple points, which must be reckoned amongst the 
singularities in the same way as real multiple points. For 
example, we shall prove later on that the cardioid has three 
cusps, one of which is real and the other two imaginary. 



Digitized ByGOOgle 



MULTIPLE CONTACT. 13 

The foregoing remarks only apply to equations which represent 
proper curves, that is to say equations which are incapable of 
being resolved into fectors which represent two or more curves of 
a lower degree than that of the equation. For example, if a cubic 
equation be capable of resolution into a linear and B quadric 
iactor, the two points of intersection of the straight line and the 
conic satisfy the analytical conditions of a double point ; and by 
parity of reasoning it appears that whenever a curve of the nth 
degree has more than the maximum number of double points, the 
equation representing the curve breaks up into &ctors, each of 
which represents a curve of a lower degree than the nth. 

20. Before proceeding further it will be desirable to give a 
few definitions. 

The deficiency i) of a curve is the number by which the 
number of double points, real or imaginary, falls short of the 
maximum. 

The class of a curve is the number of tangents, real or \ 
imaginary, which can be drawn from any point to the curve. ■ We 
shiiU denote the class by the letter m. 

A point of inflexion is a point, which is not a double point, ^ 
where the tangent has a contact of the seuwu order with the f 
curve. The tangent at a point of inflexion is sometimes called a ^^ '' 
stationary tai>gent. 

A point of undulation is a point, whigjuis not a triple point, 
where the tangent has a contact of the Wiirfl order^nh the curve. 
No curve of a lower degree than a qaartic can nave points of 
undulation. 

A double tangent is a line which touches a curve at two distinct 
points. Since a double tangent intersects a curve in four points, 
no curve of a lower degree than a quartic can have a double 
tangent ; but curves of a higher degree than the fourth may have 
multiple tangents of a higher order. Also a multiple taugent 
may have a contact of a higher order than the first. Thus a 
sextic may have (i) a triple tangent having a contact of the first 
order at three distinct points, (ii) a double t-angent touching the 
curve at a point of undulation and at a point at which the contact 
is of the first order, (iii) a double tangent touching the curve at 
two points of inflexion. 
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21. Curves which possess double points will be called auto- 
tomic (self-cutting); and curves which do not possess these 
singularities will be called anavtotomic. 

A continuous closed curve will be called a perigrapkic curve ; 
whilst a curve which possesses branches extending to infinity will 
be called an aperigraphic curve. A circle or an ellipse is the 
simplest example of a perigraphic curve ; whilst parabolas and 
hyperbolas are aperigraphia Curves of au even degree may be 
perigraphic or aperigraphic ; but all curves of an odd degree are 
aperigiuphic. 

All curves of an even degree, except conies, may consist of two 
or more perigraphic portions which may lie entirely within or 
entirely without one another. In the former case the curves will 
be called endodromic, and in the latter exodromic. 

It will be shown in Chapter X. that the oval of Descartes is 
an endodromic curve, consisting of two ovals, one of which lies 
inside the other; whilst, for certain values of the constants, the 
oval of Cassini is an exodromic curve which consists of two 
detached ovals external bo one another. 

A curve which consists of one, two, three, &c. distinct portions, 
which may or may not be perigraphic, is called untpartite, 
bipartite, tripartite, &c. Thus an ©val of Descartes, which has 
three real collinear foci, is endodromic and bipartite; but a 
Cartesian, which has one real and two imaginary collinear foci, 
is unipartite and perigraphic. 



Conditions for a Double Point. 

22. The equation of any line in trilinear coordinates which 
pa^es through the point (/, g, h) may be written in the form 

(a-/)ll = (^-g)/m = (y-h)ln = r (8), 

whence a=f+lr, 0=g + mr, y = h + nr (9). 

To find where (8) intersects the curve F(ix, ^, y) = 0, substitute 
the values of a, 0, y fi-om (9) and expand by Taylor's theorem, 
and we obtain 

0.f(/s,*) + r(i|+™| + „^)f+i^(...) + te...(10). 
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If (/, g, h) lies on the curve, F(/, g, h) = 0, and one of the 
values of r will be zero : if however (8) has a cootact of the first 
order with the curve, two of the values of r must be zero, the 
condition for which is that 

,dF dF dF . ,,,, 

^7+"^^^"^*=** <^i>- 

When (8) is a tangent to the curve, the values of (I, m, n) 
must satisfy (11), which ia the condition that (8) should touch the 
curve; whence substituting the values of {I, m, n) from (8) and 
taking account of Euler's theorem, we obtain 

dp rt dF dF „ „ „, 

•s7+^*+''a-° <'2'- . 

which is the equation of the tangent at (/, g. A), 
If however the point (/, g, h) is such that 

dFjdf=0. dFldg = 0, dF!dk = (13), 

every line through this point has a. contact of the first order with 
the curve, and the point will be a double point. In this case it 
will be possible to eliminate (/ g, k) from (13); whence, the 
condition that a curve should have a donble point is that the 
discriminant of ita equation should vanish. 

Since a pair of intersecting straight lines is the only conic 
which possesses a double point, it follows that the vanishiug of the 
discriminant is the condition that a ternary quadric should break 
up into two linear factors. 

If a curve be giv^n by the Cartesian equation F(x, y) = 0, it 
can be shown in the same manner that the double points, 
supposing any exist, are determined by the equations 

dFjdx=Q, dFldg = (14). 

It can also be shown that if the equation of the curve be written 
in the form 2 w, = 0, where m, is a binary quantic in x and y, the 
condition that double points should exist is that the discriminant 
of the ternary quantic 1. u^a""' should vanish. 
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Polar Curves. 



^,^(".Ai'>-(^^(/.»'.''). 



23. Before considering the theory of polar curves, it will be ^ 
coDvenieut to explain the notation that will be employed, and also "^ 
to prove a preliminary propoeition. 

The letters a, 0, y will be employed to denote the trilinear 
coordinates of a variahle point ; the letters (/, g, h) will denote 
the coordinates of a fixed point in the plane of the curve ; and the 
letters ^, ij, tT the coordinates of a fixed point on a curve. Also 
the letters A, A' will be used to denote the operators 

'^ -/£+''^+'|' 

IfF{x, y, z) be any ternary quaTitic of degt'ee n, and if a +f 
^+g, y + kbe vrritten for x. y, a. then 

,r la. a. 'v) = 
p\ 

By Taylor's theorem, 

F(a+ffi+g.y + k) = F{a,0:y) + ^+^F+...^F...il5). 

and 



where F' = F{f, g, h). Since ^ is a homogeneous function it 
follows that 

where P consists of a series of products into which at least one of 
the quantities a, y9, y enters into combination with at least one of 
the quantities/, g, k. 

Since A".P does not contain a, 0, y it follows that 
F{f9,h) = ^^i,'^F(a.0,y)- 
similarly F(a,^ 
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whilst the sum of the remaining terms of (15) and (16) are each 
equal to P. Now in (15) 

IB the portion of J* which ia a homogeneous function of (/, g, h) of 
degree p; whilst in (16) 



(s^^'-"^*-^"'*) 



ia the portion of P which is a similar function of {f, g, h) ; whence 
the two expressions are equal. 

24. We have shown in § 22 that the equation of the tan- 
gent at any point (£^, fj, ^) on a curve is 

dF ^dF dF . 

"df + ^d^ + 'df^^ (1^>' 

but if the tangent passes ttyough (/, g, h) 

.dF dF .dF - .,„. 

•^d|-^^d^+*< = ° <!«> 

fience the curve 

Ai'(=',,S,7)-0 (19) 

passes through the points of contact of all the tangents drawn 
from the point (/, g, h) to the curve. This curve is called the 
first polar of (/, g, k). 

If /" be of the nth degree, AF is of the (w-l)th degree; 
whence a curve and its first polar intersect in n(n — 1) points. 
It therefore follows that from any point not on a curve, the 
maximum number of tangents that can be drawn to the curve is 
n{n — l); hence not more than six tangents can be drawn to a 
cubic, nor twelve to a quartic We shall, however, prove here- 
after that when a curve has multiple points the number of 
tangents is reduced, and that the class of every autotomic curve 
of the nth degree is less than n(n— 1). 

25. From any point on a curve, not moiv than (n + i)(n~2) 
tangents can be drawn to the curve exclusive of the tangent at the 
point itself. 

Let be a point in the neighbourhood of a curve ; draw the 
tangents OP, OQ touching the curve at points near 0. Then, 
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excluding OP, OQ not more than n(n-l)-2 or (n + l)(M — 2) 
tfuigents can be drawn from ; but if moves up to coincidence 
with P, the two tangents OP, OQ coincide; hence exchiding the 
tangent at P, not more than (m + l)(n — 2) tangents can be drawn 
from P. 

26. From a point of inflearion, not more than n(n — 1) — 3 
tangents can he dravm to a curve. 

At a point of inflexion P the curve cuts its tangent, and the 
latter has a contact of the second order with the curve. From a 
point near P, draw three tangents OQ, OQi, 0Q„ touching the 
curve at points near 0. Then two of the points of contact will lie 
on the same side of the tangent at P that does, whilst the third 
one will lie on the opposite side. But when moves up to 
coincidence with P all three tangents will coincide with the 
tangent at P ; hence the number of remaining tangents that can 
be drawn from P to the curve is w (» — 1) — 3. 

27. From a node, not more than n (n — 1) — 4 tangents can be 
drawn to a curve. 

Let be a point on the curve near the node ; then we have 
shown in § 25 that (n + 1) (n — 2) tangents can be drawn to the 
carve from 0. But two of these tangents will touch the branch 
which does Ttot pass through at two points P and Q which are 
near the node. Hence when coincides with the node, these two 
tangents will coincide with the other nodal tangent, and therefore 
not more than (n + l)(n— 2) — 2=«(n — 1) — 4 tangents can be 
drawn from the nod& 

28. From a cusp, not more than n (n — 1) — 3 tangents can be 
drawn to a curve. 

Let be a point on the curve near a cusp; then only one 
tangent can be drawn from to tonch the other branch in the 
neighbourhood of the cusp, and when coincides with the cusp, 
this tangent coincides with the cuspidal tangent. Hence the 
number of tangents which can be drawn from a cusp is 

(n+l)(«-2)-l=«(n-l)-3. 

The last four propositions may be stated in a somewhat 
different form. If m be the class of a curve, the number of 
tangents which can be drawn from any point which is not on 
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the curve is equal to m ; aud the preceding results show that if 
is a node the number of tangents is equal torn — 4; ifOisa cusp 
or a point of inSexiou, the number is m — 3; whilst if is an 
ordinary point on the curve, the number is m — 2. 

29. The equation 

i^F(a,0,y) = O (20) 

is called the pth polar of the curve with respect to {/, g, h), and is 
a curve of degree n—p. Also by § 23, the pth polar may be 
written in the form 

A''-PF(f,g,h) = (21). 

The (n — l)th polar is therefore a straight line, which is called 
the polar line ; whilst the (n — 2)th polar is a conic, which is 
called the polar conic. The equatioba of the polar line and polar 
conic are 

AT'=0, and A''/" = (22). 

If one of the vertices, say A, of the triangle of reference he 
taken as the pole, g = h=0, and the ^th polar assumes the simple 
form 

sr=o (.3, 

By means of (19) of § 24, it can be shown that when a curve 
is expressed in terms of Cartesian coordinates, the Hist polar of 
(/. ff) is 

/^ + 9^+^-. + ^^^.+ .:n^ = (24). 

30. The locus of all points, whose polar lives pass through a 
fixed point, is the first polar of that poinL 

Let (/, g, h) be the fixed point; (f,.i;, f) any other point. 
The equation of the polar line of (f, t}, f) is 

dF , -<W , dF „ 

but if this paaa tiirougli tlie point (/, g, h) 
,dF , dF^.dF „ 

which shows that the locus of (f, if, {[) is the curve AF=0, which 
is the first polar of (/, g, h). 



20 THEORY OF CURVES. 

In the same way it can be shown that the locus of points, 
whose polar conies pass through a Used point, is the secood polar 
of that poiot, and so on. 

31. Th£ first polars of every point on a straight line pass 
through the pole of that line. 

Let (f, g, h) be the pole, then the equation of the polar line is 
dF , „dF , dF . 
"-^■'■^Tg'-'Th-^' 
hence if (f , i;, f) be any point on this line, 
dF dF dF 

which shows that the first -polar of (f, ij, 5) passes through 

(/.?.*)■ 

32. Every straight line has (n — 1)' poles. 

"[jSiX P and Q be an)' two points on a straight line, its pole. 
Then by the preceding proposition, the point lies on the first 
polars of the curve with respect to P and Q ; but these two polars 
being of the (n — l)th degree intersect in (n — If points ; hence 
there are (n— 1)' poiots which have the same polar line. 

33. The polar line of every point on a curve is the tangent at 
that point. 

The equation of the polar line of {f g, h) is A'F' = ; and if 
(/ 9> ^) 'i^ *"* ^^^ curve, this is the equation of the tangent at 
that point. 

34. Every polar of a point on the curve touches the curve at 
that point. 

If Up be the pth polar of (/, g, k) 

Up=iJ'F = (25), 

which obviously passes through (/, g, h). The equation of the 
tangent to Up at {f, g, h) is A' Up =0; but since Up is a ternary 
quantic of degree n — p, this may be written A""*^' Up = by § 23. 
Whence substituting the value of Up from (25), the equation of 
the tangent to Up becomes A"-' J* = 0, which by § 23 is the same 
thing as A'/" = 0, which is the equation of the taugent to f at the 
point </, g, k). 
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35. The first polar of any point passes through every double 
point on a curve. 

By § 22, the coordinates of a double point satisfy the equations 
dFjda = 0, dFjd0 = O, dF/dy = 0, which obviously satisfy the 
equation ^F = 0. 

36. In § 9 we have defined the Hessian of a quantic ; we 
shall now proceed to investigate some of the properties of the 
curve obtained by equating to zero the Hessian of a ternary 
quantic, which we shall denote by if (a, 0, 7) = 0. 

The Hessian of a cun'e is the locus of the points whose polar 
conies break up into two straight lines. 

The equation of the polar conic is A'*/" = 0. Let A = dPFjdf*, 
F™ d^Fjdgdh &c. &c., then if the polar conic be written out at fiill 
length it becomes 

A(^ + B^ + Cy' + 2F^y +20ya + 2Ha0 = 0. 
The condition that this should break up into two straight lines 
is that its discriminant should vanish ; and the discriminant of the 
conic is obviously the Hessian of F (/ g, h). Hence 

and therefore the point (f g, h) lies on the curve H{a, 0, y) — 0. 

37. The Hessian passes through every double point 

The coordinates (f g, K) of a double point satisfy the equations 
dFjdf= &c. ; and therefore by Euler's theorem 

Af±Hg + Qh'=0, 
Hf+Bg + Fk = 0, 
Gf+Fg + Ch = 0, 

which shows that the Hessian H{f, g, h) = 0, and therefore the 
double point lies on the curve H{a, 0, y) = 0. 

38. If the first polar of a point A has a double point at B, 
then the polar conic of B has a doublepoint at A. 

Let (/, g, h) and (f, 17, ?) be the coordinates of A and B. The 
condition that the first polar of A should have a double point is 
that the differential coefiicients of AF should vanish at B. Hence 
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i{ A..., f. .. denote the second differential coefficients of ^ (f, q, 0> 
we must have 

A/+Hff+6h^0x 

Hf+Bg + Fh^o\ (26). 

Qf+Fg+Ck~Of 

which requires that H (f , ij, f) = 0, This shows that if the first 
polar of a curve has a double point at B, then B must lie on the 
Hessian ; and therefore by § 36, the polar conic of the double 
point B must break up into two intersecting straight lines. The 
polar conic of B is 

A<i'+B^ + Gy' + 2F^y + 2Cfya+2Ha0 = O. 

and the double point, which is the point of intersection of the two 
straight lines constituting the conic, is determined by the equa- 
tions 

Att + HB + Gy='0&c.&c., 

which by (26) are obviously satisfied by {/, g, k). 

39. Equations (26) give relations between the coordinates of 
the points A and B ; and if we eliminate (f, i;, ^) we shall obtain 
the locus of .4, which is called the St^nerian after the German 
mathematician Steiner. The Steinerian is the locus of the points 
of intersection of each pair of straight lines which is the polar 
conic of points on the Hessian. 

40. Every curve of the nth. degree has n real or imaginary 
aaymptotea. 

Since an asymptote touches the curve at infinity, it follows 
that the asymptotes are the tangents at the points where the line 
at infinity cuts the curve, and there are consequently n asymptotes. 

A more analytical proof is furnished by the method for finding 
asymptotes explained in books on the Differential Calculus. This 
method consists in substituting ixx + ^ for y in the Cartesian 
equation of the curve, and equating the coefficients of ic" and a;""' 
to zero, which furnishes two equations for determining ft and y3. 
Since the equation for /i is in general of the nth degree, n real or 
imaginaiy values of /* exist. 
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On ike General Equation in Trilinear Coordinates. 

41. The general equation of a curve of the nth degree may 
be written in the form 

■^(a, A 7) = «.«"+ WiB""' + «50''"' + .-."„=- (27), 

where u» is a binary quimtic in ^ and 7. The equation may also 
be written in two similar forms by interchanging the letters a, y9 
and 7. 

If the curve pass through the vertex A of the triangle of 
reference, (27) must be aatisfied by ^=7 = 0, which requires that 
«(, = 0, Hence if a curve pass through the angular points of the 
triangle of reference, the terms involving the ntfi powers of en 0,y 
are absent. 

If, in addition, we seek the points where the line Mi = cuts 
the curve, we find by eliminating 7 that the resulting equation 
contains ;S° as a factor, which shows that the line >S = or CA 
cuts the curve at a point where Mj has a contact of the first order 
with it. From this it follows that if a curve piiss through the 
angular points of tfie triangle of reference the coefficients of the 
(n — \)th powers of a, ^ and 7 equated to zero are the tangents at 
these points. 

If the point il be a double point, u^ as well as Ug must be zero ; 
and W5 = is the equation of the tangents at A. 

If therefore the angular points of the triangle of refermce are 
double points, the coefficients of the {n — 2)(A powers of a, $,y are 
the tangents at the double points. 

If J^ be a point of inflexion, the tangent at A must meet the 
curve in three coincident points. If therefore in (27) we put 
M, = and eliminate 7, the resulting equation must contain yS* as 
a factor. This requires that Ut=^u^Vi, and (27) becomes 

«!«»-' + u,p,ft"-" + «,«"-= +...M„=0 (28). 

The last result enables us to prove the following important 
proposition. 

42. The points of inflexion are the points of intersection of a 
cwrve and its Hessian, and their number cannot exceed 3n (n — 2). 

By § 29, the polar conic of A is 

d?-^F_^ 
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24 THBJOBY OF CURVES. 

whence if ^ be a point of inflexion, the polar conic ii 
«,[(n-l)a + t,l=0 



from which it appears that the polar conic of a point of inflexion 
breaks up into two straight lines, one of which is the tangent 
«, = 0, whilst the other is the line (n - 1) a + Oi = 0, Hence every 
point of inflexion is a point on the Hessian, Also since the 
degree of the Hessian is 3(n — 2), the number of points of inflesion 
cannot exceed 3n (n— 2). 

If in (27) all the coefficients up to and including u^-i &re zero, 
the vertex 4 is a multiple point of order k ; and the equation 
Ut = determines the k tangents to the curve at A. 

i3. If a curve has a multiple point of order k, that point will 
be a multiple point of order k — \ on the first polar, of order k — 2 
on the second, and eo on. 

Let A be the multiple point and B the pole. Then the 
equation of the curve is of the form 

«»«'*"* + «*+!«""*"' + ... w„ = (30), 

and the first polar of B is 

and since du^/d^ is a binary quantic of degree k — l, it follows 
that ji is a multiple point of order £— 1 on the first polar. 

44. If two tangents at a multiple point coincide, the coinddeni 
tangent loaches the first polar of every point. 

The equation ut = gives the k tangents at the multiple 
point A ; but if two of them coincide, we must have 

Now the coefficient of a"~* in the first polar of B is 

(/*^ + t-y)(2/it)j_,+ (^y3+ vy)dvi_ld&], 

which equated bo zero gives the tangents at A to the first polar ; 
hence the line ^$ + 1^ = touches both curves. 

Putting & ~ 2, it follows that the tangent at a cusp touches 
the first polar of every point. 
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45. A mtUHple point of order k ona curve is a multiple point 
of order Sk — ion the Hesaian. 

The equation of a curve having a multiple point at A is given 
by (30), and if A = d^Fld<i' .... F = d^F/dffdy . . . , the equation of 
the Heseian is 

ABC + 2FGff - AF' - BO'- CH' '0 (31), 

which is of degree 3n — 6. Now the degrees of a, /9, 7 in the 
different tenuB are shown in the following table : 

A B C F H 

a n — k—% n — k, n — k, n — k, n — k—i, n-k-l, 

j9 At , k~2. k , k , k , k-l , 

7 k , k , 4-2, k-2, k-l , k 

From this table it appears that the highest power of a is of 
degree 3n — 3k— 2, and that ita coefficient is a binary quantic in 
,8 and 7 of degree 34 — 4. Hence j4 is a multiple point on the 
Hessian of order 34 — 4f. 

46. Every tangent at a multiple point on a curve is a tangent 
to the Hessian at that point. 

Let the line /9 = coincide with any tangent through A to the 
curve ; then vt must contain /3 as a factor and must therefore be 
equal to /9ft-i. But on referring to the table we see that the 
highest powers of a in .^, C and Q mnst contain ^8 as a factor, 
and since every term of the Hessian must contain A, C or 0, the 
coefficient of the highest power of a in the Hessian contains fi 
as a factor and therefore this line is the tangent at the point A 
to the Hessian. 

Putting 4 =s 2, it follows that every double point on a curve is 
a double point on the Hessian, and that the tangents at the 
double point are common to the curve and its Hessian. 



Singularities ai Infinity. 

47. In § 41 we investigated the conditions that a curve 
should have a double point or a point of inflexion at a finite 
distance from certain lines of reference ; but it frequently happens 
that a curve has singularities at infinity, and we shall now explain 
a method by which such singularities may be determined. 
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Let ABC be the triangle of reference, and let AffC be a 
subsidiary triangle of refereoce such that the base ^C cute the 
lines AB, AC in R xad C. Let (a. ff, y) and (a', j8, 7) be the 
trilinear coordinates of a point referred to the two tnangles, where 
a' = is the equation of BC referred to ABC, and consequently a' 
is a linear function of a, 0, 7. 

The equation of a curve having any proposed singularity at B' 
can be at once written down whenever the nature of the singularity 
is known. If, however, B'C be supposed to move off to infinity, 
BC will become the line at infinity, and its equation referred to 
J5(? will be / = 0, where 

I^aa + bff + cy; 
consequently the trilinear equation of a curve having any proposed 
singularity at infinity upon the line AB may be obtained by first 
writing down the trilinear equation of a curve having the proposed 
singularity at B, and then changing a into /. 

The general equation of a curve having a double point at 
B is 

^^u, + ff»-'u, + ...u„=-0 ,....(32), 

where «„ is a binary quantic in a and 7. Hence the general 
equation of a curve having a double point at infinity on the line 
AB is of the same form as (32), where u„ is a binary quantic in / 
and 7. 

48. To find the equation of a carve having a double point at 
infinity on the axis of x. 

Let the triangle of reference have a right angle at A, and let 
AB and AG be the axes of x and y. Then the trilinear equation 
of a curve having a double point at B is given by (32). Let 

M, = Xa* + 2^87 + trf ; 
then when B moves off to infinity, we must write 

a = I, fi = x. 7-y (33). 

where / is constant, whence (32) becomes 

a^-^{\I'+2tiIy + >y*) + x^U, + ... P„-=0 (34), 

where {/„ is a polynomial of the nth degree in y. Equation (34) 
is the general equation in Cartesian coordinates of a curve which 
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has a double point at infiDity lying od the axis of x. The equa- 
tioD of the tangents at the double point is 

\I' + 2,iIy + vy = 0, 

and the latter will be a node, a cusp or a conjugate point according 
as /i" > or = or < Xv. 

When If = 0, the line at infinity is one of the tangents at the 
double point ; and when /i = v :x 0, the double point is a cusp and 
the line at infinity is the cuspidal tangent. 

49. To find the equation of a curve having a point of infiexitm 
at infinity on the axis of x. 

The general equation of a curve having a point of inflexion at 
Bis 

/9^«,(pa + 9^ + r7) + /3^«, + ...u„ = (35); 

whence if £ is at infinity, the tiilinear equation is found by writing 
/ for a; whilst the Cartesian equation is found as in the last 
article by substituting the values of a, ^, 7 from (33). Whence if 

Ml = Xd + v^, the required equation is 

3;»-'(XJ+ c3/)(p/ + 53: + ry) + ar^'U^, + ... t7„ = 0...(36). 

The equation of the inflexional tangent is 

X/ + vy = (37), 

and is therefore parallel to the axis of x, excepting in the case 
in which c = 0, when it becomes the line at infinity. 

50. To find the condition that the line at infinity should touch 
the curve. 

If the line a » is the tangent at C, the equation of the curve 

7"-'a + 7"-'M^ + ... w„ = (38), 

where u„ is a binary quantic in a and ff. Let 
a « /, ff=y, y—ax + by, 
then (38) becomes 

(cue + by)"-' + iax+ 6y)*-» P, + . .. F, = 0, 
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28 THEORY OP CURVES. 

where V„ is a polynoioial in y. The axis of x joins the origin 
with the point of contact of the line at infinity with the curve. 

By proceeding in a similar manner, we can find the Cartesian 
equation of a cui-ve with which the line at infinity has a higher 
contact than the first. 



Imaginary Singularities. 

51. It frequently happens that a curve has imaginary singu- 
larities. Thus in Chapter V. it will be shown that every 
anautotoniic cubic Las six im^nary points of inflexion, whilst 
a quartic may have a pair of imaginary nodes or cusps; but in 
order that a curve may be real, it is necessary that the number of 
imaginary singularities of any proposed kind shall be even. We 
shall now explain a method for determining the conditions for 
these singularities. 

Let ABO be the triangle of reference, and let us construct a 
subsidiary triangle of reference by taking any two points B', C on 
BC. Let (a, /9, <y) and (a, y9', 7') be the trilinear coordinates of a 
point referred to ABC and AB'C Then ^' = 0, 7=0 will be 
the equations of AC, AB" referred to ABC, and will be linear 
functions of ^ and 7. 

Let there be two singularities of the same kind at B" and C, 
and write down the trilinear equation of a curve referred to 
ARC having these singularities at B", C. If the singularities are 
imaginary. B" and C will be imaginary points, and the lines AB", 
AC will also be imaginary; but in order that the curve may be 
real, it is necessary that AB", AC i^hould be a pair of conjugate 
imaginary lines, and their equations must accordingly be of the 
form y9 + iky = and ff — (^7 — 0, where i is a real constant. We 
must therefore substitute these values of 0', 7' in the equation of 
the curve, and replace the imaginary constants by new real 
constants, and the resulting equation will represent a real curve 
having a pair of conjugate imaginary singularities on the line BC 
or a = 0. 

The Cartesian equation of the curve may be obtained by 
writing 

0=a:, 7 = y, a = Ax + By + C; 
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and the resulting equation will represent a curve having a pair of 
imaginary singularities of the proposed kind on the line 

Aa! + Byi-C = 0. 

When the imaginary singularities are at infinity, we must 
proceed as before, but write / for a, where /= is the line at 

infinity. 

The moat interesting ca«e of im^nary singularities at infinity 
occurs when the singularities are situated at the circular points at 
infinity ; but the discussion of this question must be postponed to 
a subsequent chapter. We shall merely observe that the Cartesian 
equation of a curve having a pur of singularities at these points 
may be obtained by first writing down the trilinear equation of a 
curve which has the proposed singularities at B and C, and then 
writing 

a = const., ^ = x+ ly, y = x—iy. 
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CHAPTER III. 



TANGENTIAL COORDINATES. 



52. In the Cartesian or the trilinear system of coordinates, a 
curve is defined as the locus of a point which moves in a prescribed 
manner. This condition leads to a functional relation between the 
coordinates of the moving point, which is called the equation of 
the curve. 

In the tangential system, a curve is defined as the envelope of 
a line which moves in a prescribed manner. Since the position of 
any straight line is completely determined by means of two inde- 
pendent quantities, the condition that the line should move in the 
prescribed manner involves a relation between these quantities, 
which is called the tanffential equation of the curve. 

The system of tangential coordinates which we shall now 
explain was invented by the late Dr Booth* and is sometimes 
called the Boothian oystem. Let ^ and i] be the reciprocals of 
the intercepts which a straight line cuts o£F from the axes ; then 
the equation of the line is 

«f+3W = l (1). 

and if this line envelopes a curve, a relation must exist between f 
and 1} of the form 

f((.v)-0 (2), 

which is the tangential equation of the curve. 

53. To find tite tangential equation of a curve whose Cartesian 
eqvation is given. 

Let the Cartesian equation of the curve be 

W„ + U„_, + ...Ui + Mo = (3), 

' A Trtatiit on $o>m Nea Oeomttrieal Mtthodi. 
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where u;„ is a binary qiiaotic in x and y. By (1) this equatioD 
may be made homogeoeoua in x and y, by multiplying each term 
by the appropriate power of icf + yij, in which case it takes the 
form 

Wn + (a'f + y'?)w«-i+--.(a'f + yij)"«. = (4). 

If (4) be divided by ir", the resulting equation determines n 
values of tan 0, where is the vectorial angle of the n points in 
which (1) cuts {3). If however (1) touches (3), two of the roots 
of (4) must be equal, the condition for which is that the discrimi- 
nant of (4) should vanish. This gives a relation of the form 

^(lv) = (5), 

where A is the discriminant, which is the required tangential 
equation. 

The discriminants of a binary quadric, cubic and quartic have 
been given in | 4 ; hence the tangential equation of any conic, 
cubic or quartic can be obtained by substituting the values of the 
coefficients of powers of x and y from (4) in the discriminants. 

54. To find the Cartesian equation of a curve whose tangential 
equation is given. 

Let the tangential equation he 

w„ + v„_,+ ...w, + Vo = (6), 



where v„ is a binary quantic in ^ and ij. Make (6) liomogei 

in ^ and tj by multiplying each term by the appropriate power of 

x^ + yv< ^nd we obtain 

t'n+(^f+y>?)f«-i + .--{^f + yij)»*.=o (7). 

Now if ■^ be the angle which any tangent drawn from the 
point {x, y) to the curve makes with the axis of x, tan ■>}'■ = — ^/v; 
hence if (7) be divided by ij", the resulting equation determines 
the n values of -^ corresponding to the n tangents which can be 
drawn from {x, y) to the curve. If, however, the point {x, y) lies on 
the curve, two of the values of tan ^ must be equal, the condition 
for which is that the discriminant of (7) must vanish. This gives 
a relation of the form 

A(^,y) = (8), 

which is the Cartesian equation of the curve. 
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From the last two articles we ubtain the fuUowmg pro- 



(i) If f(x, y) = is (Afl Cartesimi equation of the curve 
whose tangential equation is J'(f, i;) = 0, then /(f, i;) = is the 
tangential equation of the curve whose Cartesian equation ia 

(ii) The class of a curve is the sa/me as the degree of its 
tangential equation. 

55. Ia practice, the most convenient method of finding the 
tangential equation of a curve is to write down the equation of 
the tangent at any point {m, y), which gives the values of (f, »j) in 
terms of a; and y, and then to eliminate the two latter quantities 
by means of the equation of the curve. We shall apply this 
method to find the tangeutial equation of the curve 

(./«)» + (Sf/iV-l (9). 

The equation of the tangent at {x, y) is 

where (X, Y) are current coordinates ; whence 

and the tangential equation is 

(af)^i + (M)^i = l (10). 

Equations of curves can also be transformed from Cartesian to 
tangential coordinates and vice versd by the methods explained 
in hooks on the Differential Calculus for finding the envelope of a 
line. Should, however, a troublesome elimination be necessary, 
the discriminant may be used with advantage. 

56. We must now determine the geometrical meaning of the 
different terms of a tangential equation. 

The equations f = a, ij = 6 represent a line which cuts off from 
the axes intercepts equal to a~', 6~> ; and the equations f = 0, jj = 
represent the line at infinity. 

The equation A^ + Bij'=C represents a point whose Cartesian 
equations are x = AjC, y = B/C. If C = 0, x and y are infinite, 
and therefore the equation A^ + Br} = 0, where A and B are any 
constants, represents a point at infinity. 
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The equation A^ + Btf = G represents a central conic ; for if 
in (9) and (10) we put n = 2, equation (9) represents a conic, 
whilst (10) is of the preceding form. 

The equation Oi + Ui + ti« = is the general tangential equation 
of a conic, since it represents a curve of the second class and 
conies are the only curves of this class. 

The equation iij + tii + Ui + Vo = is the general equation of a 
curve of the third class, and we shall show in Chapter YU. that 
these curves may he sextics, quartics or cuhics. 

If/(f,ij) = and J'(f,»j) = be the tangential equations of 
two curves, the solution of these equations regarded as a pair nf 
Bimultaneous equations determines the common tangents to the 
two curves. Hence two curves of the mth and nth classes have 
mn real or imaginary common tangents. If a pair of roots are 
equal, two of the common tangents coincide, and the curves touch 
one another. 



Reciprocal Polars. 

57. If i^(f, ij) = ic the tangential equation of a curve, the 
Cartesian eqvation of its reciprocal polar is F(_xj/(^, y/f) = 0. 

Let the tangent at any point of a curve cut the axes in A 
and B; draw 0¥ perpendicular to AB, and produce it to Q so 
that OY. OQ = A*. Then the locus of Y is the pedal, and the 
locus of Q (which is the inverse of the pedal) is the reciprocal 
polar of the curve with respect to the origin 0. 

Now, if YOA = 0. 

OAi:oae = OY = ]<?IOQ. 
whence if (a;, y) be the coordinates of Q, 

X = K% y = AAj, 
and the equation of the locus of Q is F (ic/A*, y/fc") = 0. 

If therefore we prove any theorem with respect to a curve of 
given degree, the corresponding property of a curve of the same 
class can be obtained by reciprocation. 

58. Before proceeding further, we shall state two well known 
geometrical propositiona 
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I. Let OYbe the perpendicular on to the tangent at any point 
P of a curve, and let OZ be the perpendicular Jrom on to the 
tangent at Y to the locus ofY; then the angle OPY = OYZ ; and 
OP.0Z=OYK 

II. Let OP be produced to Q so that OP.OQ = Xr", where k is 
a constant. Let the tangent at Q to the locus of Q meet the tangent 
at P in T. Then the angle TPQ=TQP. 

The locus of Y is the first positive pedal, and the locus of Q is 
the inverse of the original curve. Also the reciprocal polar is the 
inverse of the pedal. We can now prove that : — 

59. A node corresponds to a doid>le tangent on the reciprocal 
polar, and vice versd. 

Let N^Y; NY' be the tangents at a node N ; from the origin 
draw OY, OY' perpendicular to NY, NY', and produce them 
to Q, ^ so that 

OY.OQ = 0Y' . 0Q = ]^ (11). 

Join qq\ YY' and draw TY such that the angle TYQ = TQY. 

L 




From (11) it follows that a circle can be described through 
Q YY'(^ ; also a circle can be described through YNY' ; whence 

qqY=YY'0 = ONY. 
accordingly a circle can be described through NZYQ, and therefore 
the angle NZQ is a right angle. Whence 

OZ.ON=OY.OQ=]i? and TYQ = TqY=ONY, 
and therefore TY is the tangent at Y to the pedal, and TQ is the 
tangent at Q to the reciprocal polar. 

Similarly TQ is the tangent at Q', and therefore QQ' touches 
the reciprocal polar at Q and Q'. Also since OZ . ON = k?, QQ' is 
the polar of N. 
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Since a conjugate point is a real point, its polar is a real line ; 
but since the tangents at a conjugate point are im^nary, the 
double tangent corresponding to a conjugate point touches the 
reciprocal curve at two imaginary points. 

60. A cusp corresponds to a stationary tangent on the recipro- 
cal polar, and vice versd. 

Let S be any point on the cuspidal tangent near the cusp N. 
Let SN„ 8N3 be the tangents from 8 to the two branches which 
touch at the cusp; and let Q, Qi, Q, be the three points on the 
reciprocal polar which correspond to the tangents SN, SN,, SN,. 
Since the three tangents intei-sect at a point jS, the three points 
Q, Qi, Qi lie on a straight line which is the polar of jS; accordingly 
when iS moves up to coincidence with N, the straight line QQiQt 
has a contact of the second order, and is therefore a stationary 
tangent to the reciprocal polar. 



TIte Line at Infinity. 

61, When the equation of a curve is given in Cartesian 
coordinates, the absolute term can always be got rid of by 
transferring the origin to a point on the curve ; but in tangential 
equations it is impossible by any change of the origin or the axes 
to get rid of the absolute term, if it exists, or to introduce one if 
it does not exist. If in (6) «o = 0, the equation is satisfied by 
f = 0, *} = 0, which are the coordinates of the line at infinity; 
in which case this line is a tangent to the curve. This will 
happen whenever the curve is the reciprocal polar of another 
curve with respect to a point on the latter. For example, the 
reciprocal polar of a conic with regard to any point not on the 
curve is a central conic ; but if the point lie on the conic the 
reciprocal polar is a parabola, which touches the line at infinity. 
When the linear term as well as the absolute term is absent, the 
line at infinity is a stationary or a double tangent according as 
the quadratic term is or is not a perfect square. In the former 
case, the curve is the reciprocal polar of some other curve with 
respect to a cusp, and in the latter with respect to a node. 
Moreover the points of contact will be real, imaginary, or 
coincident, according as the double point is a node, a conjugate 
point or a cusp. And generally, if vt is the term of lowest degree 

3— 2;oQ(^[e 
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in the taDgeotial equation, the line at infinity is a multiple 
tangent of order k, and the curve is the reciprocal polar of another 
carve with respect to a multiple point of the same order. 



Multiple Tangents. 

62. We shall now employ equation (4) of § 53 to find the 
multiple tangents to a curve. This equntion detennineu the 
vectorial angle of the points in which the straight line 

«f+m-i (12) 

cuts the curve £^ u, = 0, and we shall denote it by 

^(•»)-0 (13), 

where m = tan 6. 

(i) If three of the roots of (13) are equal, (12) has a contact 
of the second order with the curve. The conditions for this are 
that the discriminants A, A' of F{m) and F' {m) should vanish. 
This leads to two equations of the form A (f , ij) = 0, A' (f , »;) = 0, 
which are the tangential equations of the original curve and of a 
second one, such that every line which has a contact of the second 
order with the original curve is a tangent to the latter curve. 

(ii) If two pairs of roots of (13) are equal, (12) has a contact 
of the first cider with the curve at two distinct points. 

(iii) If four roots are equal, (12) has a contact of the third 
order with the curve. 

The preceding method does something more than determine 
the multiple tangents to curves. In the case of a cubic the two 
nodal tangents, as well as the stationary tangents, have a contact 
of the second order with the cubic. Hence if the origin is not a 
node, this method will determine the nodal as well as the stationary 
tangents. So also in the case of a quartic, every ordinary tangent 
drawn from a double point to the curve, and also every line 
joining a pair of double points, has a contact of the first order with 
the curve at two distinct points ; hence this method will not only 
determine the double tangents, but also the tangents drawn from 
each double point to the curve, together with the lines joining 
each pair of double points. 

The conditions for the different equalities which can exist 
between the roots of cubic and quartic equations are given in 
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§ 7, whence the necessary equations for determining the multiple 
tangents to these curves are ohtained by substituting in these 
equations the values of the coefficients of powers of x and y in (4). 
For curves of any given degree, the necessary equations can be 
obtained ft^m the equalities which must exist between the roots 
of the correaponding equations in one variable. Thus we may find 
the conditions that a sextic curve may have (i) a triple tangent, 
(ii) a double tangent touching the curve at two points of inflexion, 
(iii) a double tangent touching the curve at a point of undulation 
and having a contact of the first order at the otlier point. 

63. We shall illustrate this method by finding the double 
tangents to the symmetrical quartic curve 

Ax^ -\- 2Bal'f + Cy*+ ao!' A-by" = (14). 

This curve has a node at the origin, and if we transform to 
polar coordinates, it will be found that for every assigned value of 
6 there are two equal values of r, one of which is positive and the 
other negative. Hence the quartic is uninodat, and it will be 
shown in Chapter VIII. that its class is ten and the number of 
double tangents is sixteen. 

If a; = e is a double tangent, it follows that if e be substituted 
for X in (14) the two values of y must be equal. This gives the 
equation 

(b + 2Be*y = iC^(A^-\-a) (15), 

which shows that there are four double tangents parallel to y. In 
the same way it can be shown that there are four double tangents 
parallel to x. We have thus accounted for eight double tangents. 
To find the remainder, we write down the equation for m which is 

m* (p + 6i^) 4 2m'6f»j + m^(2B + b^ + aif) + 2mafij + .d + af = 

(16). 

whence, by (16) of § 7, the equations of condition are 

a'f^'(*?+M=;^r'?'(^+«f) 

a (C + V)' ^7 = 36^7 ((? + 6i7>) (2. 

Dividing out by the extraneous factor ^, the first equation is 
the tangential equation of a central conic, whilst the second 
represents a curve of the fourth class. These two curves have 
eight common tangents, which are the remaining double tangents 
to the quartic. 
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We must DOW consider the meaniag of the extraneous factor 
^. Its eziateQce shows that the equations of condition are 
satisfied by f = 0, rj arbitrary; or ij =0, f arbitrary. We must 
therefore go back to (16) and put ^ = 0, and determine the 
conditions that the resulting equation in m should have two 
pairs of equal roots. This will be found tt) lead to equation (15), 
which gives the four double tangents parallel to y. In the same 
way if we put f = in (16), we shall obtain the four double 
tangents parallel tu x. Equations (16) and (17) accordingly 
completely determine the sixteen double tangents. 



Pedal Curves. Inversion. 

Qi. The locus of the foot of the perpendicular from any origin 
on to the tangent at any point of a curve is called the first 
positive pedal of the curve with respect to the origin. 

The pedal of the first pedal with respect to the same origin is 
called the second positive pedal of the original curve, and so on. 

The curve, of which the original curve is the first positive 
pedal, is called the first negative pedal of the original curve, and 

so OD. 

Since the reciprocal polar of a curve is the inverse of its first 
positive pedal, it follows that the inverse of the original curve is 
the reciprocal polar of its first negative pedal. 

The polar equation of the pedal of a curve gives a relation of 
the form 

p-f(x) (18), 

where p is the perpendicular from the origin on to the tangent to 
the original curve, and x i^ "^^ angle which p makes with a fixed 
straight line. This equation has been called by Dr Ferrers the 
tangential polar equation of the original curve. 

The tangential polar equation is useful in finding the envelope 
of a line ; for if any relation of the form (18) can be recognized as 
the pedal of some known curve, the envelope of the line is the 
curve in question. 

The inverse of a curve, with respect to any origin 0, is found 
by transferring the Cartesian equation to 0, and then writii^ 
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i^xji^, l^j/lr^ for x and y; hence u„ becomea i^»„/r'", and the 
equation of the inverse is 

A«w„ + P"-^^M„_,+ ...i'j«'-X+'*^o = (19). 

The degree of the inverse of a curve of the »ith degree is in 
general 2n; but if the origin he a multiple point of order k, the 
degree of the inverse will be 2» - k. The degree will he still 
further reduced if m„, u„_, &c. contain some power of r as a factor. 

Since the degree of the reciprocal polar is equal to the claas of 
the curve, the degree of the pedal can be found by inversion. 

65. To find the Cartesian equation of the pedal of a curve. 
Xiet (f, 4}) = be the tangential equation of a. curve ; let any 
tangent cut the axes of x and ^ in ^ and B ; also let (x, y) be the 
coordinates of F, the foot of the perpendicular fjom on to the 
tangent AB. Then if 

A0Y = 9, 
0Y^0Acofi6=OB»\ae. 



whence 



"r + iJ 



Hence the Cartesian equation of the pedal is 

66. To find the tangential equation of the first negative pedal. 

If F{x,y) = be the Cartesian equation of the carve, it 
follows from the preceding formulae, that the required tangential 
equation is 

By means of the preceding results, it may be shown that the 
Cartesian equation of the first positive pedal of the curve 

W»)"+(S(/6)"-l 
u 

(«■ + ,■)»-"■ _(o«)"^+(6y)"-'. 
and that the tangential equation of its first negative pedal is 

(f+^)» = (f/a)" + (V6)"- 
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On the Curves r" = o" cos n0. 

67. We have investigated several theorems concerning the 
important class of curves included in the equation 

we shall now consider the equation 

r" = a" cos n0. 
which includes msny important and well known curvea 
By the ordinary fonnula 

tan <f> = rdOjdr = — cot nO, 
whence 

^ = ^ + ji^. 

Accordingly if (p, p^) be the coordinates of ¥. 

X = 0+<f>~^ = {n + l)e, 

j> = r sin ^ = r cos n& (20), 

whence 

pi+i=„i+icosnx/(n + l) (21). 

f^^uation (21) is the pedal of the curve ; from which it follows 
that every pedal is a curve of the same species, and that each suc- 
cessive pedal is obtained from the preceding one by changing n 
into »/(n + 1). The reciprocal polar is the curve 

c^> = r^'co8nx/(« + l) (22). 

and is obtained by changing n into — n/(n+ 1). 

From (20) we obtain 

a'^ = r-*' (23). 

which is the p and r equation of the curve. The radius of curva- 
ture is 

o-'l-C.^ (2*>- 

Orthoptic Loci. 

68. The orthoptic locus of a curve is the locus of the point of 
intersection of two tangents which cut one another at right 
angles. If the two tangents are inclined at a constant angle, the 
locus is called the isoptic locus. 
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If S" Vr = Ohe the taDgential equation of a. curve of the mth 
class, we have shown, in § 54, that the equation 

S"v,(a:f + 3M7)"-'=0 (25) 

determines the angles which the m tangents, which can be drawn 
to the curve from the point (w, y), make with the axis of x. Hence 
if we write f/») = — tan -^ = - «, equation (25) may be written in 
the fonu 

/(2) = (26), 

where/is of degree m. 

If two of the tangents are at right angles, two of the roots 
i'j.s, of (26) must be connected together by the equation Jia5=— 1, 
The condition for this is that the eliminant oi /(z) = and 
_/(— z~') = should vanish, which gives a relation between x and 
y, which is the orthoptic locus. 

When/(3) is a quartic, cubic or quadric function, the values 
of the eliminants are given in § 8; hence the orthoptic locus of 
any curve of the fourth or any lower class can be determined, 

fc'or a curve of the with class, the eliminant is of degree m - 1 
in the coefficients, and the coefficients themselves are in general 
of degree m ia x and y. Hence the degree of the orthoptic locus 
of a curve of the mth class cannot be greater than wi («i — 1 ). 

We have shown in § 61 that if the curve touch the line at 
infinity, the absolute term will not appear in the tangential 
equation. In this case the coefScients in th^ eliminant are of 
degree {m - 1), and the orthoptic locus of degree (m— If. Thus 
the orthoptic locus of a centi-al conic is a circle, whilst that of a 
parabola is a straight line. 

If the linear as well as the absolute term is absent, the line at 
infinity is a double or a stationary tangent. In this case, the 
coefficients are of degree m — 2. and the orthoptic locus is of 
degi-ee (m — 2) (m — 1). And generally if the line at infinity is a 
multiple tangent of order k, the degree of the orthoptic locus of a 
curve of the mth class is (m — k) {vt — 1). 

The Cartesian equation of the evolute of a parabola is ay° = a^, 
and its tangential equation is 4a^ = 27V- Hence the line at 
infinity is a stationary tangent ; and it ia shown in books on Conica 
that the orthoptic locus is a parabola. 
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The tangential equatioo of the evolute of an ellipae ia 
a'/f + &'/,^ = (a»-i")', 

and therefore the evolute is a curve of the fourth class, and the 
line at infinity is a double tangent which touches the curve at 
two imagioary points. Hence the orthoptic locus is a sextic curve, 
whose equation can be shown to be 

(a' + b^} (a^ + f) (ay + b'a^y = {a' ~ fc")' {ay - 6'a?)* 



The Circular Points at Infinity. 

69. It is proved in treatises on Trilinear Coordinates' that 
the equation of every circle can be expressed in the form 

S+(li + vi^ + nf)I = 0, 
where S is any gioen circle, and / is the line at infinity. The 
constants (l, m, n) determine the position of the circle and ite 
I'adius ; whilst the form of this equation Kbows that all circles pass 
through the points of intersection of a given circle with the line at 
infinity. These two points, which are imt^nary, are called the 
cirmlar points at infinity and are usually denoted by the letters / 
and J. 

If S = be the equation of the circle circumscribing the 
triangle of reference, the circular points are the intersections of 
S=0,I = 0; that is of 

(87 sin .d + -ya sin B + a^3mC= 0, 
a sin J + (3 sin £ + 7 sin f7 = 0. 
Solving these equations, we obtain 

„ = -y,'". ff-^-y.'-^ (27), 

which are the trilinear coordinates of the circular points at 
infinity. 

70. To find the Cartesian equations of the lines joining any 
point wilA, the circular points at infinity. 

Let y = mx be the equation of any line joining the origin with 
one of the circular points. The points of intersection of this line 
with the circle ti^ + i/' = a' are given by the equation 

vt'+l = a'l^ (28). 

' Ferrera' Trilinear Coordinate, p. 87. 
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Equation (2S) shows that if m were real, the straight line 
would intersect the circle in two real points at a finite distance 
&om the origin ; but if Jii = ± t, the left-hand side of (28) vanishes, 
which shows that x must be infinite. Hence the two imaginary 
straight lines 

a: ±1^ = 

intersect the circle in two imaginary points at infinity, which are 
the circular points in question. Both lines are included in the 
equation a^+ 1/^ = 0. 

Similarly if (a, 0) be the Cartesian coordinates of any other 
point, the equations of the lines joining (a, 0) with the circular 
points are 

a7-a±((y-y3) = 0, 
both of which are included in the equation {x— of -\-{y — ^Y = 0. 

71. There is another method of tangential coordinates which 
is founded on the trilinear system. 

Let Xcn- y»fl + *^ = 

be any straight line ; then the condition that thia line Bhould 
touch the curve F{a, /3, 'y) = involves a relation between (X,/t, v) 
of the form 0(X, fi, v) = (i, which is the tangential equation of the 
curve. All the results in this system may be obtained by the 
preceding methods by writing 

al'i = x. 0jt = y, -X/f = f, -ft/v = v 
The tangential equation of the conic 

la'+m^+ny'+ H'^ + 2m'ya + 2n'a^ = 
is 
(mn — l'") V + (nl — m'*) fi* + (Im — n") t^ 

+ 2{m'n' — II') /iv + 2 (n7' - 7/im') nX + 2 {I'm —nn')\/i = 0. 

This result may be obtained by eliminating y between the 
equation of the conic and the line \a + fi0 + vy = 0, and ex- 
pressing the condition that the resulting quadratic in a/yS should 
have equal roots. Moreover if a, 0, y and \, fi, vhe interchanged, 
the first equation will represent the tangential equation of the 
conic whose trilinear equation is the second one. 

The condition that the line (X, ft, v) should touch the curve 
f (a, /3, 7) = at the point {^, 1/, ^) is sometimes useful. Since 
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(^ /S. 7) and (f , T), f) satisfy the equatioDS \a + fi^+vy<=0 and 
oa + 6,9 + C7 = 2A, it follows that 



whence 
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72. The foregoing system of tangential coordinates may be 
exhibited in a geometrical form. Let the line (X, fi, v) cut the 
sides BC, OA, AB of the triangle of reference in D, E and F\ and 
letp, 5, r be the lengths of the perpendiculars from A, B, and C 
on to it ; also let any two of these perpendiculars, say p and q, be 
considered to have contrary signs when the line cuts AB at a 
point lying between A and B, and in other cases to have the same 
sign. Then if F lies between A and B, 
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pa qo re 

which shows that X, ft, c are proportional to the products of the 
lengths of each perpendicular into the lengths of the opposite 
sides. The equation of DEF may now be written 

paa + qb^ + rcy = 0, 

which shows that the coordinates of the line at infinity are 
p = 5 = r, or X/a = /li/fe = c/c. 

73. To find the tangential eqiuUhn of a circle. 
Let 

f^ = V + li,' + v'- ifiv cos j1 - SvX cos 5 - 2X/1, cos C, 
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then it is shown in works oo Trilitiear CoordiDates' that if tir be 
the perpendicular from any point (/", g, h) on to the line (X, /*, v) 

^p = \/+^g + vh (30). 

If the envelope is a circle, m is constant, whence (30) is the 
tangential equation of a circle of radius w and centre (/, g, h). 

When the centre of the circle is at 4,/=2A/o, g=h = 0, 
w =p ; whence (30) becomes ppa = 2AX, which by (29) is the same 
thiDg as 
j^a' ■+ 5*6* + I'^c' — 2qrbc cos A — Irpca cos B — Ipqah cos C = 4A* 

(31), 

and gives an identical relation between p, q, and r. Equation (31) 
consequently shows that the three coordinates of any line satisfy 
a given relation which is independent of the position of the line 
— a result which might be anticipated from the &ct that two 
coordinates are sufficient to determine a straight line. 

74. The triiinear coordinates (a, j8, 7) of a point satisfy the 
identical relation aa ■¥ h0 + c^ = ^£^ ; but there are certain escep- 
tional points which satisfy the equation aa + 6/9 + oy = 0, which is 
the line at infinity. Id the same way it may be anticipated that 
there are certain exceptional lines which satisfy the equation 
obtained by putting A = in (31). To interpret this result put 
w= 00 in (30) ; in which case, since X, ft,, v and f, g, h are finite, 
we must have p = 0. The latter equation apparently represents a 
circle of infinite radius ; but as a matter of feet it represents the 
circular points at infinity. For when A = 0, (31) may be written 
in the form 

(X cosB + i* cos A-vy + (X sin B - /i sin jl)" = 0. 

Resolving the left-hand side into Actors, the equation is 
equivalent to the two linear equations 

Xe--B + ^e-*-r=0, 
which represent the two points 

which are the circular points at infinity. 

1 Ferrers' Triiinear Coordinate; p. 20. 
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Upon thia result Pro£ Cayley has founded bis theory of the 
Absolute, which has been developed by Prof. Klein and others ; 
but the subject ia beyond the scope of an eleineotary work*. 



75. We shall now explain how the circular points are em- 
ployed to determine the foci of curves, and shall begin by proving 
that:— 

The lines joining the focus of a conic with either of the circular 
points at infinity touch the conic. 

Let (a, /3) be the coordinates of the focus of the ellipse 
. ^la' + f/if^i. 
The equation of the line joining (a, ^) to one of the circular points 

x-a + ,{,f-^} = (32). 

Let 



^ = 



■t^- 



then if (32) is a tangent to the ellipse, { and ij must be connected 
by the equation 

a'p + b't}'=l. 

Substituting from (33), we obtain 

« + t^ = ±(a"-6')*- 
If a > 6, the real values of a and y9 are given by 

a=±(a"-6')', ^=0 (34), 

whilst the imaginary ones are given by 

a = 0, /3=±,(fl'-6^)'. 
E>]uations (34) are the well known equations for determining 
the real foci of the conic. 

When the ellipse degenerates into a circle, a = b, and the two 
real foci coincide with the centre, which is a double focus. 

' Gayler, "A siith Memoir on QuaaticB," Math. Faptn, Vol. n. p. 561. Klein, 
Math, Annalen, Vol. ziivn.; Leeturei on Nicht-Evelidiiche Geometrie. Vol. i. 
p. 61. 
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The equfttioa (a: — a)* + (y — 0)' = is sometimes regarded ^s 
the equation of the point (a, /3), since it is the limiting form of the 
equation of an indefinitely small circle which coincides with this 
point ; but since in the Cartesian system two equations are 
required to determine a point, the preferable mode of interpre- 
tation IB to regard the equation as representing two imaginary 
straight lines through ttie point (o, fi). If, however, we adopt the 
former mode of interpretation, a focus may be defined as an 
indefinitely email circle which has a double contact with the conic. 

76. The foregoing considerations led Plticker' to adopt a 
generalized conception of the foci of curves of a higher degree 
than the second, which he defined as the points of intersection 
of the tangents drawn to a curve Jrmn the circular points at 
infinity. Since m tangents can in general be drawn to a curve 
of the Tttth class, 2m tangents cau in general be drawn from 
tbe two circular points to the curve. All these tangents are 
imaginary, and they will intersect in m' points; but only m of 
these points will be real, for if one of the tangents drawn from 
the circular point / be of the form A + iB=0, one of the tangents 
drawn from J will be of the form A — tB=0, whilst all the others 
will be of the form O — tD = 0. The first tangent from J will 
intersect the tangent from / at the real point A=0, B = 0; but 
none of tbe other tangents from J^can intersect the tangent from 
/ in a real point unless C/A = DIB, in which case the two tangents 
A — iB=0 and C — tD = become identical. Hence the real foci 
of the curve are the m real points of intersection of the tangents 
drawn from the circular points at infinity to the curve, and their 
number cannot exceed the class of the curve ; but if the curve 
passes through or has singularities at tbe circular points, the 
number of foci must be determined by a special investigation. 

77. 1/ the line at infinity is a multiple tangent of order g, 
a curve of the mth class cannot have more than m — g real foci. 

Let the tangential equation of the curve be 

W». + Wm-, + ---% = (35). 

tbe form of which shows that the line at infinity is a multiple 
tangent of order g. If (a, ^) be a focus, it follows from § 75 that 

' Crellt, Vol. s, p. 84; C»yley, "On Polyzomal Curves," Tram. Ray. Soe. 
Edinburgh, Vol. IZT. pp. 1—110 ; Colkettd Papen, Vol. n. p. filS. 
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their values are determined by subatitiiting (a+(/S)^' and t(«+i^)-' 
for f and ti in (35). Heace f and ij will respectively be of the 
forma p^, ipt"*, where ■x' + ^ = fr*, ta.ad = —0ja. Substituting 
in (35) and putting s for pe'*, we obtain 

i''^M'„ + 2"-9-V„_, + ...u', = (36), 

where m'« is what ii« becomes when f = 1, i; = i. 

Equation (36) <letern)ines m-ff values of z, all of which are 
complex ; and if A + iB be any one of these values, the corre- 
sponding values of a and are given by 

l-(^ ^iB)(a + tff), 
whence 

A 

which determine the m — g valut 

78. If an anautotomic curve of the mth class passes through the 
circular points at infinity, the curve has ni — 2 re(U single foci and 
one real double one, which is the point of intersection of the tangents 
at the circular points. 

When a curve of the nth degree and mth class passes through 
one of the circular points at infinity, its equation must be of the 
form 

Sti^ + /«„_, = (37), 

where «„ is any ternary quantic in a, 0, y. The form of (37) 
shows that if a curve passes through one circular point it must 
pass through the other ; hence by § 25 the number of tangents 
which can be drawn from a circular point, exclusive of the tangent 
at the point itself, is m — 2, which is the number of real single 
foci. The two tangents at the circular points are the limiting 
positions of the four tangents which can be drawn from two 
imaginary points /i, Ji in the neighbourhood of each circular 
point and which respectively touch the curve at four points, 
two of which are near / and the remaining two near J. The 
two tangents from /, intersect the two tangents from J^ in 
four points, two of which are real and two imaginary; but 
when the points /,, J, move up to coincidence with / and J, 
the two real points of intersection coincide and form a double 
focus situated at the point of intersection of the tangents at the 
circular points. 
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79. If the circular points are nodes, a Hnodat curve has m — 4 
real single foci and two real double ones, which are the two real 
points of intersection of the nodal tangents at the circular points. 

When the circular points are nodes, the number of tangents 
which can be drawn from / exclusive of the two nodal tangents is 
m — 4, which is the nnmber of real single foci. Now any one 
of the nodal tangents at / intersects the conjugate nodal tangent 
at ^ in a real point, whilst its point of intersection with the other 
nodal tangent at J will be im^nary. By § 78, the real point of 
intersection of a pair of conjugate nodal tangents is a double 
focua ; and since there are two pairs of conjugate nodal tangents, 
there will be two real double foci. 

80. If the circular points are cusps, a bicuspidal curve has 
m — 3 real single fod and one real triple focus, which is the point 
of intersection of the cuspidal tangents at the circular points. 

When the circular points are cusps, the number of tangents 
which can be drawn from /, exclusive of the cuspidal tangent, 
is m — 3, which is the number of real single fi>ci. Let /,, Ji be 
two imaginary points in the neighbourhood of / and J. Then 
from /i three tangents can be drawn to the curve which touch it 
at three points near / ; and in like manner three similar tangents 
can be drawn from J,. These two systems of three tangents will 
intersect one another in nine points ; but since the tangents are 
all imt^nary, each tangent of the /i system will intersect the 
three tangents of the J, system in three points, only one of which 
can be real ; and thus there will be altogether three real and six 
imaginary points of intersection. But when the points /,, ./, 
respectively move up to coincidence with / and J, the nine points 
will coincide with the point of intersection of the cuspidal 
tangents at / and J. Hence this point will be a real triple 
focus. 

It can be shown in the same manner that if the circular points 
are points of inflexion, the curve has the same number of single 
foci, and one triple focus which is the point of intersection of the 
stationary tangents at the circular points. 

When the line at infinity is s multiple tangent of order g, and 
the curve in addition possesses any of the above-mentioned singu- 
larities, the number of foci is obtained by changing m into m—g 
in the preceding results. 

B. c. 4 
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In §g 78, 79 and 80, the eoanciatioii has been restricted to 
anautotomic, binodal aod bicutipidal curves respectively. The 
I'eason of this is that every line joining the circular points to 
a double point has a coutact of the first order with the curve 
at the double point, and may therefore be regarded as satisfying 
Pliicker's definition of a focus, in which no distinction is drawn 
between contact and tangency. If therefore a curve has B nodes 
and K cusps exclveive of the drctUar points, the class m of the curve 
must be replaced by m + 2£ + 3« in the formulae giving the 
number of real ungle foci. For example, the lima^on is a quartic 
curve of the fourth class which has a pair of cusps at the circular 
points and a node at the origin ; hence the curve has one triple 
focus and three single foci One of the single foci is an isolated 
point, whilst the node is a double focus formed by the union of the 
two other single foci. Now it will be shown hereafter that the 
lima^on is a special form of the oval of Descartes, which is a 
quartic of the sixth class having a pair of cusps at the circular 
points and no other double point. The latter curve has one triple 
focus and three coUinear single foci ; and when the curve becomes 
a lima^on two of the single foci unite at the node, so that the 
lima9on has one triple, one double and one single focus. Similarly 
by considering the degeneration of the oval of Descartes into a 
cardioid, it can be shown that the latter curve has one ordinaiy 
triple focus, and a triple focus at the cusp formed by the union of 
the three ordinary single foci of the oval of Descarte& 

81. If a curve he inverted from, any point 0, the inverse points 
of ^ foci of Hie original curve are the foci of the inverse curve. 

If iS be any circle which has a double contact with a curve at 
the points P, Q, the inverse of S will be another circle which has 
a double contact with the inverse curve at the inverse points P", 
<^. Now we have shown in § 75 that a focus may be regarded as 
the centre of an indefinitely small circle which has a double 
contact with the curve ; hence the inverse of a focus is an 
indefinitely small circle which has a double contact with the 
inverse curve, and is therefore itself a focus. 

In considering the properties of the foci of curves, it has been 
usual to restrict the discussion to real foci ; but when we consider 
the projective properties of curves, it will be shown that it is 
possible to project the circular points into a pair of real points, in 
which case it will usually happen that some of the imaginary foci 



Digitized ByGOOgle 



EQUATION OF TANGENTS PROM A POINT. 51 

project into real points. Hence the existence of imaginary foci 
must not be overlooked, otherwise we ehould lose sight of various 
properties connected with the points of intersection of tangents 
drawn to a curve from a pair of real nodes or ciisps. 

82. We shall conclude this chapter with two miscellaneous 
propositions. 

To find the equation of the tangents drawn from the point (h, k) 
to a curve. 
Let 

«f + JW = l (38) 

be any tangent ; and 

F<^.v) = (39) 

the tangential equation of the curve. Since (38) passes through 
(h. k), 

h^ + kti = i. 
whence by (38), 

f (Asc - %) = A - y, 

f) {he — hy) = x--h, 
whence the equation of the tangents is 

\kx —hy' kx — hy) " 

83. A straight line is drawn through a fixed point 0; to find 
the loctis of the points of intersection of the tangents at the points 
where it cuts the curve. 

Let U=Ohf) the Cartesian equation of the curve referred to 
as origin ; and let V= be the first polar of any point {h, k). 
Transform to polar coordinates and eliminate r ; then the resulting 
equation will determine tan d, where 6 is the vectorial angle 
of the point of contact of any tangent drawn from (h, k). The 
degree of this equation is necessarily the same as the class of the 
curva 

Let (h, k) be the point of intersection of the pair of tangents 
at any two points P and Q where a straight line through cuts 
the curve ; then since tan 6 = tan (jitt + S) two of the roots of the 
equation for tan must be equal ; whence the discriminant of this 
equation equated to zero is the required locus. 

4—2 
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CHAPTER IV. 
plUcker'S equations. 

84. We have already seen tliat a cubic curve caoaot have 
more than one double point or a quartic more than three. We 
shall now give a series of propositions, due to Plttcker, by means 
of which the number and species of the different singularities of a 
curve of given degree can be determined. 

A curve of the nth degree cannot have more than ^{n—l)(n—2) 
double points. 

Let there be s double points. We have proved in § 16 that 
when a curve passes through a double point on another curve, it 
intersects the latter in two coincident points ; hence every double 
point counts for two amongst the points of intersection of two 
curves. We have also proved in § 35 that the fii^t polar passes 
through every double point ; hence if the first polar intersect the 
curve in r ordinary points 

n{M-l) = 2s + )- (1). 

But a curve of the (n — l)th degree can be made to satisfy 
J(n — 1) (n + 2) conditions ; if therefore the curve has its maximum 
number of double points 

i(.-l)(» + 2)-. + .- (2), 

whence by subtraction 

« = K"-l)("-2) (3). 

Equation (3) gives the maximum number of double points for 
a curve of the nth degree ; but we shall hereafter show that if the 
curve has other singularities, the value of s may be less than the 
maximum. When Ji = 3, s = 1 ; aud when )t = 4, s = 3, aa we have 
proved in Chapter II. 
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85. If a curve has S nodes, the Jiumber of its points of inflexion 
cannot exceed 3n (n — 2) - 6S. 

Since any curve which passes through a node on a curve 
intersects the latter in two coincident points, it follows that if a 
curve touch one braoch of the original curve at a node, the two 
curves will intersect one another in three coincident points. 
Similarly if aoother branch of the second curve touch the other 
branch of the original curve at the node, the other branch of the 
second curve will intersect the original curve in three coincident 
points. Hence if two curves have a common node and two common 
nodal tangents, they will intersect in six coincident points. 

We have shown in § 46 that every node on a curve is a node 
OD the Hessian, and that the two nodal tangents are common to 
the curve and its Hessian ; hence at a node, the curve and its 
Hessian intersect in six coincident points. We have also shown 
in § 42 that a curve and its Hessian intersect in 3n (k — 2) points, 
and that the Hessian passes through every point of inflexion ; if 
therefore the curve baa S nodes, the curve and its Hessian cannot 
intersect in more than 3k (?i - 2) - 6S ordinary points, and conse- 
quently the number of points of inflexion cannot exceed this 
number. 

86. If a curve has k cusps, tite number of points of injleanon 
cannot exceed 3m (n — 2) — 8«. 

A cusp may be regarded as the limiting form of a node when 
the two nodal tangents coincide ; hence if .A be the cusp and the 
line /9 = be the cuspidal tangent, it follows from § 41 that the 
equation of the curve must be of the form 

5^0"-= 4- it.a"-' + . . . i(„ = 0. 

By forming the Hessian, it can be shown that the highest 
power of a is the (3m - 9)th, and that its coefficient is 

-2(«-l)/3>d»«V<V. 

from which it follows that a cusp is a triple point on the Hessian, 
two of the tangents at which coincide with the cuspidal tangent. 
But since every branch of a curve which passes through a double 
point on another curve intersects the latter in two coincident 
points, it follows that if a double and a triple point coincide the 
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two curves will intersect one another in six coincident points. 
Also if any branch of the one curve touches any branch of the 
other curve, the two curves will intersect at a seventh point. But 
ID the present case two of the branches at the triple point on the 
Hessian touch one another and also the two branches of the cusp 
on the original curve ; accordingly at a cusp the curve and its 
Hessian intersect one another in eight coincident points, and 
therefore the number of ordinary points of intersection cannot 
exceed 3?) (ji — 2) — 8«. 

By combining the last two theorems it follows that : — 

If a <mrve has S nodm and « cuspg, the number of pmrUs of 
infleaion is 3n (n — 2) — 6S — 8«. 

87. If a curve has B nodes, the degree of the reciprocat polar 
cannot exceed n(n — l) — 28. 

We have shown in § 24 that the first polar of a curve with 
respect to any point intersects the curve in n(n— 1) points, 
which are the points of contact of the n(n — 1) tangents which 
can be drawn from to the curve. Hence the class of a curve, 
and therefore the degree of the reciprocal polar, cannot esceed 
this number. We have also shown that the first polar passes 
through every double point ; whence if the curve has £ nodes the 
first polar intersects the curve in n(n — 1) — 25 ordinary points. 
Hence not more than n (n — 1 ) — 2S tangents can be drawn from 
to the curve, which is therefore the degree of the reciprocal polar. 

88, If a curve has k cusps, the degree of Mc reciprocal polar 
cannot exceed n (n — 1) — 3«. 

We have shown in § 44 that the first polar touches the curve 
at a cusp, and consequently at a cusp the curve and its first polar 
intersect at three coincident points. If therefore a curve has « 
cusps, the curve and its first polar cannot intersect at more than 
n(n - 1) — 3* ordinary points, which is therefore the degree of the 
reciprocal polar. 

By combining the last two theorems, it follows that : — 

If a curve has B nodes and « cusps, the degree of the reciprocal 
polar and consequently the class of the curve isn(n~l) — ZB- Sk. 
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89. We are now in a position to establish Plucker's equations. 
We shall denote 

the degree of a curve bj' n, 

its class* „ Hi, 

the number of its nodes „ B, 

„ „ cusps „ K, 

„ „ double tai^ents „ r, 

„ „ stationary tangents „ i, 

the deficiency of the curve „ D. 

By g 88 and 86, it follows that 

m = n(n-l)-28~3« (4), 

*-8n(n-2)-6S-8« (5). 

We have also shown that a node corresponds to a double 
tangent on the reciprocal polar, and a cusp to a stationary tangent 
or tangent at a point of infieslon ; also the class of the reciprocal 
polar is equal to the degree of the original curve and vice verad. 
Whence reciprocating (4) and (5) we obtain 

M = i«(«i-l)-2T-3» (6), 

« = 3m(TO-2)-6T-8t (7), 

also by § 84 

/)=4(«-l)(n-2)-S-« (8). 

Equations (4) to (8) are Piilcker's equations, but only four of 
them are independent ; for if we eliminate S frem (4) and (5) and 
T from (6) and (7) the result in both cases is 

Z(n-m) = K-i (9). 

' Dt Salmon denotes the degree of a curve b; m and ita cla» b; n ; but ainoe n 
is Dsuall? employed to denote the degree of a ourve or of an algebraical eipresaion 
the notation in the text is preferable. 
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CHAPTER V. 

CUBIC CURVEa 

90. The general equation of a cubic curve contains nine 
independent constants, that is one less than the number of terms 
in a ternary cubic ; hence a cubic curve may be made to satisfy 
nine independent conditions. It also follows from § 24 that 
not more than six tangents can be drawn from any external point 
to the cubic; nor more than four from a point on the curve ; nor 
more than three from a point of in6exion. Also since a straight 
line cannot intersect a cubic in more than three points, a cubic 
cannot have more than one double point unless it breaks up into 
a conic and a straight line or into three straight lines. Moreover 
every tangent cuts the cubic at one other point; and since the 
asymptotes are tangents at iotinity, every asymptote cuts the 
curve at one other point, which may be at a finite or infinite 
distance from the origin. Also by § 40 a cubic has three 
asymptotes, one of which must be real. 

Cubic curves are divided into the following three species, viz.: 

(i) Anautotomic Cvbics, which have no double point; (ii) 
Nodal Cubics, in which the double point is a crunode or an 
acnode ; (iii) Cuspidal Cubics, iu which the double point is a cusp. 
Since n = 3, PlUcker's numbers for the three species are found by 
successively putting in equations (4) to (8) of § 89, « = 8 = ; 
« = 0, 5=1; «=1, S = 0, which lead to the following table; 
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91. Iq § 41 we have discusBed several forma of the general 
equation of a curve of the nth degree in trilinear coordinates, 
and we shall now consider these special forms when the curve is 
a cubic. 

The general equation may be expressed in the form 

WsO" + H,n' + w^ + Ms = (1), 

where m„ is a binary quantic in ^ and 7, or in two other forms in 
which a, j3, 7 are interch^ged. 

The equation of a cubic circumscribing the triangle of 
reference is 

a»M + ;e»w + yw + ia/Sy = (2), 

where u, v, w are the tangents at A, B and 0, and are consequently 
linear functions of j8, 7 ; 7, a : «, /9 respectively. 

The equation of a cubic having a double point at A is 

au^ + u,= <3), 

also if the cubic pass through the points B and C, u, cannot 
contain /S" and 7* ; hence the equation of a cubic circumscribing 
the triangle of reference and having a double point at A is 

au, + ^y(,i^ + py} = (4). 

The equation u, = is the equation of the tangents at the 
double point; hence the latter will be a node, a cusp or a 
conjugate point according as the roots of Wj, regarded as a 
quadratic in /S/y, are real, equal or complex. The line /y3 + 1-/ = 
is the line drawn from A to the third point where BO cuts the 
cubic. 

If J is a point of inflexion, the tangent at A must meet the 
cubic in three coincident points. Hence Uo = 0, and Uj must be 
a factor of u,; whence the equation of a cubic having a point 
of inflexion at A is 

Mia' + u,v,a + «B = 0„ (5). 

92. If three tangents be drawn to a cubic from a point of 
infieanon, their points of contact lie on a straight line. 

By (5) the polar conic of A is 

dF/da = w, (2a + 0,) = 0, 

Di.irz.. „GoogIc 
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and therefore consists of two straight lines, one of which «, = is 
the tangent at the point of inflexion A, whilst the other line 
2a + i>i = passes through the points of contact of the tangents 
from A. The latter line is called the Harmonic Polar of the 
point of inflexion, and is a line of considerable importance in the 
theory of cubic curves. 

We shall now prove a more general theorem, of which the 
preceding proposition is a particular case. 

93. 1/ a straight line internect a cubic in three points D, E, F ; 
the three points U, E , F' in which the tangents at D, E, F intersect 
the cuhie lie on a straight line. 

We shall first prove that every cubic can be expressed in the 
form 

uvw + hu'v''a/ = (6), 

where u, v, w aad u', v', w' are linear functions of (a, ff, y) and 
therefore represent three straight linea 

The general equation of a cubic which passes through the 
vertices of the triangle of reference is 

ahi, + «u, + ^y (m/S + n7) = 0. 
Add and subtract taffy and the equation becomes 
a(aui+ii,-l0y) + 0y(:la + mff +ny) = (}; 

the second term is the product of three straight lines, whilst the 
first term is the product of a conic and a straight line. Now I 
may have any value we please ; if therefore we determine / so 
that the discriminant of the conic vanishes, the first term will 
also be the product of three straight lines. 

Ejquation (6) accordingly represents a cubic passing through 
the nine points of intersection of (u, v, w) and (u', v, w'). 
If u' = v\ (6) becomes 

umu + ku'^w' = (7), 

which is the equation of a cubic which touches the straight lines 
M, V, w at the points where u' intersects them; also the form 
of (7) shows that the three points in which u, v, w intersect the 
cubic lie on the line v/^O. 

If D, E, F and IX, Ff, F be the points in which the tines m' 
and ?(/ respectively intersect the cubic, the points Vf , E, F are 



Digitized ByGOOgle 



POIKTS OF INFLEXION. 59 

called the tangeaticda of D, E, F; and the line UEF is called 
the saAAliiB of BEF. 

Since the tangents at the points where the harmonic polar 
cuts a cubic intersect at a point of inflexion, the tangent at a 
point of infiexion is the satellite of the corresponding harmonic 
polar. 

94. The three points in which a cubic intersects its asymptotes 
tie on a straight line. 

We have shown in § 90 that a cubic has three asymptotes; 
hence putting u' = I, in (7), where / = is the line at infinity, the 
equation 

umi> + kl^' = (8) 

is the equation of a cubic of which u, v, w are the asymptotes. 
The form of this equation shows that the asymptotes intersect 
the cubic in three points which lie on the straight line uf' = 0. 

The straight line which passes through the points of inter- 
section of a cubic and its asymptotes is called the satellite of the 
line at infinity. 

95, The prodtict of the perpendiculars from any point on a 
cahic on to the asymptotes, is proportional to the perpendicular 
from the same point on to the satellite of tlie line at infinity. 

It follows from (8) that the equation of a cubic referred to a 
triangle whose sides are the asymptotes ia 

a^y + l'(\i-i-ti^ + vy) = (9), 

where (\, /i, p) is the satellite of the line at infinity. But if p 
be the perpendicular from any point of the cubic on to the 
satellite, p is proportional to Xa + f^^+vy; also / is constant, 
whence (9) becomes 

a^7 = kp. 



Points of Infiexion. 

X cw&i'c has three real points of infiexion, they lie on a 
straight I 

If in (6)~^we put u' = t/ = v/, the t 

uvu> + ku'^ = (JO) 
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represents a cubic having a contact of the second order with the 
linea m, v, w at the points where the line u' intersects them. 
Hence the three points of inflexion lie on a straight line. 

If the sides of the triangle of reference be the tangents at 
three real points of inflexion, the equation of the cubic is 

a0y + {ltt + m^ + ny^ = O (11). 

In (10) one of the three lines u, v, w must be real, but two of 
them may be imaginary. In fact the equation moj + ku'" = 0, where 
Vi is any ternary quadric whose discriminant vanishes, represents a 
cubic one of whose real points of inflexion, and two others which 
may be real or imaginary, lie on the straight line u' = 0. We 
shall now prove that; — 

97. A cubic cannot have more than three real points of 
infletvion. 

Let the points B and C be two real points of inflexion, then 
the third real point of inflexion must lie on this line ; hence 
the equation of the cubic must be 

(a + vy)(ii + n0) (a + m^+n^) + h' = 0. 

. Let ^ be a point on the cubic, then since the equation of the 
curve cannot contain a',l = — l and the equation may be written 

a' {(m + /i) ^ + (n + I/) 7) + a {(m/3 + wf) (fi^ +py) + l^v^y] 

+ fiv^y {mff + rvy) =.0. 

In this equation the coefficient of a" is the tangent at A, and 
must be a real straight line. 

If possible let .^ be a real point of inflexion ; then it follows 
from (6) that the coefficient of a' must be a factor of that of a, 
the condition for which is that 

(ftt + /*)(« + c) (mv + nf». + iJLv) = (« + vf mft + (m + fty nv. 

Putting fix=m, vy=n, this equation may be reduced to 

which is a quadratic for determining the ratio (1 + a;)/(l + y) ; but 
since its roots are complex, it is impossible to assign real values 
to ft and V such that the coefficient of a* shall be a factor of that 
of a; hence A cannot be a real point of inflexiou. 
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The theorems of the last two articles show that the six 
imaginary points of inflexion of an anautotomic cubic form three 
conjugate pairs, and that a real straight line can be drawn 
through any conjugate pair and one of the real points of inflexion. 
It may be added that a pair of conjugate imaginary points are 
such that the equations of the lines joining them to any vertex 
(say A) of the triangle of reference are ±iky = 0, so that both 
lines are included in the equation ^ + fd^ = 0. 

98. An acnodal cubic has three real points of infleanon, and a 
crunodal cubic has one real and two imaginary ones. 

We have shown from Pliicker's equations that a nodal cubic 
cannot have more than three points of inflexion. Let A be the 
node, G the real point of inflexion, BC the tangent at 0. Then 
the equation of the cubic is 

^ + (l^ + 2m0y + ni') a = (12). 

Let B' be another point of inflexion, and let B'C the tangent 
at B' meet ACia C. Then if $ + ky = axid\a + fi^+vy = Ohe 
the equations of AB' and RC, the equation of the cubic must be 

(& + kyy + {l^ + 2my9T + ny*) (\a + fi^ + vy) = 0.. .(13). 

In order that (12) and (13) should repi-eaent the same curve 
we must have 

A:^ + ni- = 0, 
Sif + n/i + 2mv - 0, 
3*fc + Iv + 2mfi, = 0. 
Eliminating /i and v, we obtain 

k {(4m= -In) IP- Qmnk + 3w'] = 0. 

The solution 4 = shows that C is a real point of inflexion, 
whilst the quadratic factor gives the values of k for the lines 
joining A to the other two points of inflexion. The condition 
that these two lines should be real is that In > m', and con- 
sequently the nodal tangents are imaginary or real according 
as the other two points of inflexion are real or imaginary. 

It frequently happens that when a cubic is drawn the number 
of real points of inflexion is apparently defective. Whenever 
this is the case, such singularities exist at inflnity which can be 
found by the methods of ^ 47 to 61. 
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99. The node of a nodal cubic is the pole of the Une joining 
its three points of inflexion. 

The equation of the cubic is 

0,87 = (io + mj9 + nif = «' (say). 

The condition that the cubic -should have a double point is 
obtained by eliiuinatiDg (a, ^, 7) between 

187 = Siw', 7a = 3mw', a^ ■- 3nw', 

from which we deduce 

la = m0 = nry, 

and the diBcrirainant equated to zero is 27lmn = 1, which is the 
condition for a double point. 

The polar line of any point (/, g, k) is 

tt(gh- 3/m') + /9 (A/- 3mM') + y(/g- 3jiu') = 0, * 

and if this coincides with the line (l, m, n) we must have 

l/= mg = nh, 

which shows that (/, g, h) is the node. 

The preceding proof holds good when two of the points of 
inflexion are imagiuary, as can at once be seen by writing /3 + Jcy, 
— iky, M and Jf for /9, 7, m + » and tk{m — n) respectively. 



Harmonic Properties. 

100. Before commencing to study the harmonic properties of 
cubics, the following preliminary proposition will be useful. 

If a line through the vertex A of the triangle of reference be 
harmonically divided in P, Q and R; and if the coordinates 
of these points be denoted by the suffixes 1, 2, 3, thai 



Let AP cut the base BC in B; let BAD = 0, BDA = ^, then 
a^ = {AD-AP)B\n^, 
-ft = .dP sin e. 
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2^^ 



7> 



■■^iJ iQ^: 



since AP is harmonically divided in P, Q and fi. 

If Q coincides with D, 0^ = and the theorem becomes 
ai/7i + a,/7. = 0. 
from which it follows that the four lines y.i — hf.a^a + hf form 
a harmonic pencil. Also if four straight lines form a harmonic 
pencil, any one of them is called the harmonic conjvgate of the 
other three. 

101. Every line through a poini of infieanon is divided 
harmonicaU}/ by the curve and the harmonic polar. 

Let A be the point of inflexion ; and let B and G be two of 
the points in which the harmooic polar cuts the cubic. Then in 
(5) we must put 

«, = wijS + ny, Vi = 0, M, — /% (^(3 + vy), 
and the equation of the cubic becomes 

(m;3 + n7)a' + /S7(M/S + i/7) = <14). 

Xiet ff^ky he any line through A which cuts the cubic in 
Pi and P, and the harmonic polar BG in P,; substituting the 
value of in (14) it becomes 

(mk + «) a*y + *y (^M + ") = 0, 
whence 

Ml/71 + a,/7, = 0, 
which shows that 

AP,*AP, AP,- 

102. Every chord drawn through a point on a cubic ia cut 
harmonically by the curve and the polar conic of that point. 

Let AP^P^Pt be the chord cutting the cubic in ^1, P,, P, and 
the polar conic of A in P^. Then the equatioa of the cubic is 
a%,+au, + «j = ..(15), 
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and the polar godIc is 



Let ff = ky he the equation of APi; and let «„' denote what 
M„ &c. becomes when = k,y = l. Then (15) and (16) become 

a*Ki' + aywa' + yu/ = 0, 
and 

2oMi' + yu,' = 0, 
whence 



&oin which it follows that 

AP.AP, AP^' 

103, If four tangents he drawn to a cubic from a point A on 
the curve; and if any line through A intersect (A« cubic in P and 
Q, and a pair of opposite chords of contact in D and E ; then the 
line DE is harmonically divided in P and Q. 

Let two of the tangents from A and the corresponding chord 
of contact be the triangle of reference ; then the equation of the 
cubic is 

a' (mjS + wy) + (St (Xet + /iy9 + lAy) = (17). 

The polar conic of j4 is 

2a(m;8 + n7) + \(S7 = 0. 

Multiplying this by ^* and subtracting from (17) it follows 
that the equation of the chord of contact HC of the other two 
tangents from A is 

Xo + 2/i/3 + 2j«y = (18). 

Let ;3 = ^ be the equation of any line through A ; substituting 
in (17) we find 

7i I 7« _ ^>- 

Oi Og kfi + V 



..(19). 



Substituting ky for /3 in (18) we obtain 

7, _ k\ 

e^ ~ ~ a (A^ + v) ' 
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whence 

tti 0, o, ' 
fix)m which it can be proved as in § 100 that 

SP'*' DQ~DE- 

104. 1/ two straight lines be dravm through a point of 
inflexion to meet a cubic in four points cmd their extremities be 
joined directly and trangversely, the two points of intersecHon lie 
on the harmonic polar. 

Let A be the point of inflexion, and let AB and AG be the 
two straight lines which meet the cubic in B, D and C, E 
respectively. Then the equation of the cubic is 

a (mj3 + J17) (Xa + /*^ + ^7) + ^87 (M^ + Nf) = 0. . .(20), 
and the harmonic polar of jI ia 

2\« + (ii^ + i»7 = (21). 

Let BE, CD intersect in and BC, DE in H. Putting 
^ = and 7 = in (20), the equations of BE and CD are 

Xa+»-y = and Xa + ^S-O (22), 

which show that the equation of DE is 

Xa + /tj8 + i»y = (23). 

Equations (21) and (22) show that BE and CD intersect at 
the point ^jx = — fi^ = — vy, which by (21) lies on the harmonic 
polar; whilst (21) and (23) show that DE intersects the harmonic 
pokr at the point where it cuts the line BC. 

If AB coincides with AG, the lines BC and DE are the 
tangents at B and D, whence : — Tangents at the extremities of any 
chord dravm through a potTit of inflexion intersect on the harmonic 
polar. 

105. The tangents at any two points of inflexion intersect on 
the harmonic polar of the point of inflexion which lies on the line 
joining the other two. 

Let the equation of the cubic be 

a0y + (ia + m/S + nyf - 0, 
B.C. f- T 
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then if I>,E,F he the points in which (I, m, n) cuts BC, CA, AB, 
then D, E, F aie points of inflexion, and BC, CA, AB are the 
tangents at these points. The "coordinatea of E are = 0, 
i« + T17 ™ ; whence the polar conic of E is 

0(ny- la) = 0. 
The second factor equated to zero is the tiarmonic polaj- of E, 
which obviously passes through B the point of intei-section of the 
tangents at D and F. 

106. The harmonic polars of three coUinear pointe of inflexion, 
pass through a point. 

By the last article the harmonic polars of the three points 
D, E, and F are 

m/3 — nf, ny = la, la = m$, 
which obviously meet in a point. 

107. If a cubic has a double point, each harmonic polar passes 
^ough it. 

If ^ be a point of inflexion, the cubic is given by (-5) ; also 
if B be a double point, the terms involving ^ and ^ must be 
absent. Whence «i = n7, «, " 7* (/i/S + 1/7) ; and the harmonic 
polar of j1 is 2a + M7 = 0, which obviously passes through B. 

Since only one tangent can be drawn from a point of inflexion 
to a nodal cubic, it follows that the harmonic polar is the line 
joining the node and the point of contact. When the cubic is 
cuspidal, the harmonic polar is the cuspidal tangent. 

108. If two tangents be drawn to a cvinc from a point A on 
the curve, the tangent at the third point where the chord of contact 
intersects the curve cuts the tangent at A at a point on the curve. 

Let B and C be the points of contact of the tangents from A ; 
let AE be the tangent at A, and DE the tangent at the point D 
where the chord of contact cuts the curve. Then the equation of 
the cubic must be of the form 

$y(h + m0 + n-y) + a.'(ji,0+t^)'=O (24). 

The form of (24) shows (i) that the line {I, m, n) is the 
tangent DE at the third point D, where the chord of contact 
cuts the cubic ; (ii) that the line {/*, v) is the tangent AE at A ; 
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(iii) that the cubic passes through the point of intersection E of 
{I, m, n) and (ft, v). 

109. If a chord BDGF, drawn from, a point B on a cufet'c, 
ad the cubic again in D and C, and ths polar conic of B in F; 
the tangents to the cvhic at D and C, and the tangent to tha polar 
conic of F, all pass through the same point. 

Equation (24) shows that (/, m, n) is the tangent at D to the 
cubic ; accordingly if it intersects AG (which is the tangent at C) 
in 0, the equation of BQ is f a + J17 = 0. 

The equation of the polar conic of £ is 
7 (fa + 2m/3 + wy) + ^ = 0, 
which shows that the line (J,, 2m, n) is the tangent to the polar 
conic at F. This line obviously intersects AG in Q, 

110. If any conic be described through fowr fixed points on a 
cubic, the chord joining the two remaining points of intersection of 
the cu&ic and the conic wiU pass through a fimed point on the cubic. 

Let A, B, G,D he the four fixed points on the cubic; let the 
equations of A D, CD he fiff + vy^O and Xa + ^j3 ■= ; also let u, v 
be any linear functions of (a, fi, 7). Then the equations of the 
cubic and the conic may be written 

o (jtff + vy)u + y{\a + /i/3) v = 0, 
ii(fi^ + i>j) + ky{Xa + fj.^) = 0, 
where li; is a variable parameter. 

Tbe first equation shows that the cubic passes through the 
point of intersection of the lines u and v ; and dividing the first 
equation by the second, it follows that the two remaining points 
of intersection of the cubic and conic lie on the straight line 
v=^fi!u, which obviously passes through 0. 

The Ganonicai Form. 

111. It is proved in treatises on Algebra* that every ternary 
cubic whose discriminant does not vanish may be reduced to the 
canonical form 

a^ + y' + i^ + 6lxi/z = 0.... (25), 

where {w, y, z) are linear functions of (a, A f)- We may therefore 

re^ird {x, y, z) as the brilinear coordinates of a point referred to 

* EUiott's Algebra of QiumtUt, p. SOO. 
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a new triangle of reference, whose sides referred to the original 
triangle are a: = 0, y = 0, z => 0. It therefore follows that every 
anautotomic cubic curve caa be reduced to the above form. 

The points where (25) cuts the line ic = are determined by 
the equation i/* + ^ — 0, or 

(y + «) (y + (B«) (y + ui'z) = 0. 
where u is one of the imaginary cube roots of umty ; from which 
it follows that if J be a variable parameter, all cubics included in 
(25) cut the three sides of the triangle of reference in the same 
nine points, three of which are real and six imaginary. 

The equation of the tangent at the point w = 0, y = a, 
«S3 — 1 is 

-2lo>x + io*y + z = (26). 

Eliminating z between (25) and (26) we obtain (I + 81') ic" = 0, 
which shows that if 1 + 8/' is not zero, the line (26) touches the 
cnbic at a point of inflexion. Hence all cubics given by (25), 
where Z is a variable parameter, have the same points of inflexion. 

When 1 + 82' = 0, the discriminant of the cubic vanishes, and 
the preceding investigation becomes nugatory. 

The canonical form being the simplest one to which any 
ternary cubic, whose discriminant does not vanish, can be reduced 
is exceedingly useful in a variety of analytical investigations 
connected with the coacomitante of ternary cubic forms; but 
when discussing the p-operties of autotomic cubic curves, a 
special form in which the elements of the triangle of reference 
have special positiooe must be employed. 

112. Any ciAie, which is descr^ied through the nine poirUs of 
inflexion of another cubic, will have theae pointa for points of 



If the cubic U be given by the canonical form (25), the 
equation of its Hessian S is 

whence the Hessian and also the curve U + XH=0 are of the 
canonical form, where \ is a variable parameter. But this curve 
i-epresents any cubic passing through the nine points of inflexion 
of V; also by § 111, these points are points of inflexion on 
U+\S=0. ,"" 
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On the Hessian and the Cayleyan of a Ciihtc. 

113. We have proved in § 38 that if the first polar of any 
point A haa a double point at B, the polar conic of B has a 
double point at A. In the case of a cubic, the first polar ia the 
polar conic ; hence the theorem becomes, — If the polar conic of A 
breaks up into two straight lines intersecting at B, the polar conic 
of B breaks up into two straight lines intersecting at A, The 
points A and B obviously lie on the Hessian of the cubic (which 
ia another cubic), and are called by Professor Cayley conjugate 
poles*. The envelope of the line joining two conjugate poles was 
called by Professor Cayley the Pippian ; but it is now usually 
known as the Cayleyan. 

114. Tangents to the Hessian at two conjugate poles of a cubic 
intersect on the Hessian. 

Let the conjugate poles A and B be two of the vertices of the 
triangle of reference ; then the polar conies of A and B must be 
of the form 

dFjda = (a + \y) (a + ^) = 0, 
dFjdff = <m^ + X,y) (^ + ny) = 0, 

and therefore the equation of the cubic is 

\a* + ^(\ + ^)a'y + \^arf + \m^ + ^(l + mn)S^ 

+ lnfiy' + iN'f = (27). 

Now if A=d?Flda\ A' ^ c^F/d^dy &ic, 

A =2« + (X + Ai.)7 
B =2m0 + (l + mn)y 
C =- 2X/»a + %ln^ + 2AV 
A- = {l+mn) ^+nny 
£' = (X+/*Ja + 2X/i7 

and the equation of the Hessian is 

H = ABC - AA'^ -BB'^ = 0.. 



..(28), 



■ Cajlej, "AmBB 
CoUeeUd Paper*, vol. 

J. J. Walker, Phil. Trant. 



curves of the third order. " Phil. Tram. 1867, p. 415 ! 
)81. 

p. 170; Proe. Lond. Math. Soe. vol. xx. p. 883. 
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The tangents at A and B to the Hessian are the coe£Gcient8 
of <^ and /3* in this expression, and are easily seen to be B = 0, 
A-^0. Tlieae equations obviously satisfy (29), which shows that 
the tangents at A and B intersect on the Hessian. 

For the purpose of simplifying the analysis, we shall take the 
point C in which the tangents at A and B to the Hessian 
intersect as the third vertex C of the triangle of reference, in 
which case the tangents reduce to /3 = 0, a = 0. This requires 
that l + mn = 0, X + /* = 0, and the cubic becomes 

^i^-Mt'f + im^-mn'^'f + ^Nf' = (30), 

whilst the Hessian is 

off (Va + mn'0 - Ny) + (mn*a + \'^) y" = (31). 

The polar conies of A and B will form a quadrilateral DEQF 
as shown in the figure; and we shall now prove that: — 

115, The diagoruiU DG aiid EF ofihis quadrilateral intersect 
at C; and the polar conic of the cubic with respect to C consists of 
the line A B, arid another line passing through the third point K 
where AB cuts the Hessian. 




Since the lines BD, BE constitute the polar conic of A, whilst 
AB, AF constitute that of B, the equation of 

5Z) is a - X7 = 0, ££■ is a + X7 = 0, 
AD m 8-Wi = (i, ,4^" is ^ + 717 = 0, 
from which it follows that the equations of EF and DQ are 

n« + X^ = and iia->^ = 0, 
which obviously intersect at C. 

To prove the second part, we observe the polar conic of C is 
- 2X'a7 - 2Tn7i*j87 + JTy = 0, 
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and therefore consists of the line AB and the line 

2X'a + 2m)i'^-if7 = (32). 

Putting 7 = in (32) the coordinates of K are determined by 

X'a + m(n'^ = (33), 

whence by (31), £' is a point on the Hessian. 

The harmonic properties of the different lines in the figure are 
at once evident from § 100. 

1 16. The polar line with respect to the cubic of any paint on 
the Hessian is the tangent to the Hessian at the conjugate pole. 

The polM- line of j1 is (PFIdc^ = (}, which by (30) is a = or 
BC, which has already been shown to be the tangent at ^ to the 
Hessian. 

117. If -H be thepoint o/contact of AB vritk the Cayleyan,the 
Une AB is harmonically divided at K and M. 

The coordinates of C are f =0, i; = 0, 5'= 6 sin .A. Let Sf, St;, 
Z-\-ti be the coordinates of a point (J on the Hessian near 0; 
then the polar conic of (7 is 

'^t^^Z^^t*'^"-" <»«> 

To find where this intersects AB we must put 7 = 0, and we 
obtain from (30) 

dF/da = a\ dFjd^-m^, dF/dy^O. 
and (34) reduces to 

a»Sf + m/3»&; = (35). 

Since 0* is a point on the Hessian, S^, ^, ^+S^ satisfy (31) ; 
whence writing f, ij, f for a, y9, 7 in (31), differentiating and 
putting f = 0, ri = 0, we get 

and therefore by (35) 

X*o? — m^*S*, 

or \'a±mn'^ = (36). 

The upper sign furnishes the equation of CK, whilst the lower 
one gives the equation of CM; whence the lines CA, CM, CK and 
CB form a harmonic pencil. 

When the point A is given, there are in general three 
conjugate poles corresiponding to A ; for the tangent at A 
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tatersects the Hessian in one other point C, and trom G three 
other tangents exclusive of the timgent at A can be dra^vn to the 
Hessian. The points of contact B, B,, B, of these three tangents 
are the three conjugate poles ; also since the lines AB, AB,, AB, 
are the only tangents that can be drawn from A to the Cayleyan, 
this curve is of the third class. 

118. To find the tangential equation of the Cayleyan. 

We have already pointed out that every anautotomic cubic 
curve may be expressed in the canonical form 

a;» + y* + ^ + 6%2 = (37), 

and that the Hessian is 

fl = -P(ic" + y + «") + (!+ 2?) a;y3 = (38), 

and is therefore a cubic of the same form an (37). 

We have shown in § 115 that the polar conic of G is the line 
AB and another line through the point K. Let the equations of 
these lines be 

X'^ + /y + .'^ = 0) <^^>- 

Let XyY,Z\ie the coordinates of G; then the polar conic 
of C is 

X{s^+nyz) + Yif-^ilzx) + Z(«'+ 2tBy)= ...(40). 

In order that (40) may be identical with the product of (39) 
we must have 

XK' = kX, p.fi' = kY, vv' = kZ, 
Hv' + ft'v = IklX, 
iA.' + v'X=2HF, 
\li' + \> = "iklZ, 
where A; is some constant. Eliminating X', fi.', v from the last 
three by means of the first three, we obtain 
- llfLvX + i^F + At*2 = 0, 
v'X-2lv\Y-¥X^Z=Q, 
ti*X + \*r-^l\fiZ=0, 
whence eliminating X, Y, Z, we get 

I {\* + (!.•• + }>•) + (I -4-l')\/iv = (41). 

This is the tangential equation of the Cayleyan, and its form 
shows that the curve is of the third class. 
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If we had eliminated \, /i,v and k we should have found that 
X', ft, v satisfy (41); hence we obtain the theorem; — 

The two straight lines which constitute the polar conic of the 
cubic with respect to any point on the Hessian are tajigents to the 
Cayle^an. 

119. From the preceding theorem it appears that the four 
straight lines AD, AF, BD, BE each touch the Cayleyan, and we 
shall now prove that : — The points of contact of these straight lines 
are coltinear. 

Let Q, q be the points of contact of AD, AF; and let 5f, 
■>j + Sij, Sf be the coordinates of a point B' on the Hessian near B. 
The polar conic of B' is 

To find where this cuts AD, we must differentiate (30) and 
put /3 = ny, and we obtain 

dF/da = a' - Xy, dFId^ = 0, 
dFjdy = - 2X*a7 - 2mnV + ■^7*- 
Writing f, ij, f for o, y3, 7 in (81), differentiating and putting 
f = f=0 we obtain Sf = 0; whence the points where the polar 
conic of R cuts AD stre given by the equation 
7 (2X»a + 2mn'7 - JV7) = 0, 
and therefore the equation of BQ is 

2X"a + 2mn^ - Jf 7 = 0. 
Putting /3» — n7, it can be shown in the same manner that 
the equation of Bq is 

2X"a - 2mft»7 - ^^7 = 0, 
whence the points Q, q lie on the straight line 

2Va + 2mn*^-Ny = (42). 

By considering the points of intersection with BD, BE of the 
polar conic of a neighbouring point A', it can be shown that the 
points P, p lie on (42) ; whence the four points P, p, Q, q are 
collinear. 

8ince equations (32) and (42) are identical, it appears that the 
four points and also the point K lie on one of the lines which 
constitutes the polar conic of C. 
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SPECIAL CUBICS. 



120. In the present chapter we shall consider various special 
cubics, and shall commence with the discussion of a certain class 
of circular cubics. It will be shown hereafter that every circular 
cubic is a degenerate form of a bicircular quartic ; hence the 
theory of circular cubics is best studied as a particular case of 
these curves. This will be done in Chapter IX. ; but the dis- 
cussion of the circular cubics which are the inverses of conic 
sections with respect to their vertices deserves separate treatment. 

Circular Cvbics. 

121. A circular cubic is a cubic which paaaeB through the 
circular points ai infinity. 

From this definition it follows that the trilinear equation of 
every circular cubic is of the form 

v,8 + Iv, = (1), 

where iS is a circle, / the line at infinity, and «„ is a ternary 
quantic in a, ^, y. Also since the line Vi intersects the cubic in 
two points at a finite distance from the origin and one point at 
infinity, this line is parallel to an asymptote. 

122. To find the equation of a circular cuinc in Cartesian 
coordinates. 

Since / is a constant, (1) may be written in the form 

(», + Vo)('^ + «'i + M'o)+ V = 0, 
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where V is the genera! equation of a conic in Cartesian coordinates 
and Vn, vi„ are binary quantica in x and y. This equation is 
equivalent to 

»ir' + w» + «i + «, = (2), 

where u„ is also a binary quantic in x and y. Squation (2) m the 
general equation of a circular cubic in Cartesian coordinates. 

123. To find the equaHon of a circular cuUc which has a pair 
of imaginary points of inflexion at the circular points. 

If u, V, w be any three straight lines, the equation 

represents a cubic having one real and two imaginary points of 
inflexion on the line at inanity, and the tangents at the two latter 
points are v±iw = 0. Let the origin of a system of Cartesian 
coordinates be the point of intersection of these two tangents, 
then, if the two imaginary points are the circular points, v = x, 
v} = y, and the equation of the curve becomes 

or 

(a!" + y) Ow + 52/ + r) + c* = 0, 

where p, q, r and c are constants. The line px + qy + r^O touches 
the curve at the real point of inflexion, which is at infinity ; also 
there will be a node on the axis of x if the discriminant of 
«* (px + r) + c" = vanishes, which requires that 27jjV + ir* =■ 0. 

124. The inverse of a conic with respect to a point on the cuT^e 
is a drtmlar cubic, whose asymptote is parallel to the tangent to the 
conic at tlie centre of inversion. 

The equation of a conic referred to a point on the curve 
is «s + Mi=sO, the inverse of which is r^ + i*i*i = 0, which is a 
circular cubic. The origin is obviously a double point, which will 
be an acnode, a cusp or a crunode, according as the conic is an 
ellipse, a parabola or a hyperbola; also the line u,, which is the 
tangent to the conic at the origin, is parallel to the asymptote of 
the cubic. 

125. We shall now consider the circular cuHcs which are 
obtained by inverting a conic with respect to its vertex. 
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Let the equation of the conic be a?jA*-Yy''j& = 'ixjA ; then 
inverting with respect to a circle of radius k and putting a= ^i?jA, 
b = \}^Al&, the equation of the curve becomes 

x{a?-^y) = a^-^by* (3). 

When a and h are both positive, the curve is the inverse of an 
ellipse ; when a = the curve is the inverse of a parabola and is 
called a dssoid; when b is negative the curve is the inverse 
of a hyperbola ; and when a = — b, the curve is the inverse of a 
rectangular hyperbola and is called the logocyclic curve. The 
latter curve has been dittcussed by Dr Booth in connection with 
the geometrical origin of logarithms. 

The cubic obviously cuts the axis of m at the origin 0, which 
is a double point, and also at the point A, where OA = a, which is 
called the vertex; and the line a; = 6 is the only real asymptote. 
The lines }/•= ± (aj3b)*x cut the curve in two points of inflexion, 
which tae real or imaginary according as the curve is the inverse 
of an ellipse or a hyperbola. The remaining point of inflexion, 
which is necessarily real, is at infinity. 

The different forms of the curve, according as the conic is an 
ellipse, a hyperbola or a parabola, are shown in the accompanying 





126. If from, the vertex A a straight line is drawn cutting the 
curve in P, P*, then AP.AP'= AO'; and the locus of Q the middle 
point of PP" is the circular cubic 

2x{a^+f)=:{b- 0)^-200?. 
Transfer the origin to the vertex and then change to polar 
coordinates and we shall obtain 

r'-r{(6-a)sin'5-2oco8'e}sec^ + a» = (4), 
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whence AP.AF=AO», 

and %A.Q = AP + AF - [(& - o) sin' 6- 2a coa' 6] sec 8. 




When the cubic is the inverse of a hyperbola, the loop is the 
inverse of the two branches; but when the cubic is the inverse of 
an ellipse it follows that if the tangent from A touches the curve 
at R, AR = AO and the portion between A and B is the inverse 
of the portion beyond R. Also the locus of Q is a circular cubic 
of the same species, having a crunode or an acnode according as 
the signs ofb — a and 2a are the same or different. 

127. If the tangents at P and P" intersect at T, the locus of T 
ia the cuspidal cubic 

w{{b-a)a? + 2by'l=2by. 

Let {h, k) be the coordinates of T referred to as origin. 
Transfer the origin to A and let y =» tkb be the equation of AP'P. 
Then this line must intersect the cubic and the polar conic of T 
in the points P, P' ; if therefore we substitute mm for y we shall 
obtain two quadratic equations which must be identical. 

The cubic leads to the equation 

a?{m' + \) + x [2a + m' (a - h)] + a' = 0, 
and the polar conic to the equation 

JB" [3A - a + 2km + (A - 6) m»} 

+ 2a! [2ah - a* + A (a - 6) m} + a* (A - a) = 0, 
whence equating coefScients, we get 

A + /7TO + Ha-ft)»»' = t> (5). 

ah+k{a-b)'m,~^{a-b){h-a)m* = (6). 
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ElimiDating m we get 

A((6-a)A»+26-fc')-26»i», 
which is the equatioQ of the locus. 

128. We shall now show that the point T may be found by 
the following geometrical construction : — 

LeA AP meet the asymptote in 8 ; bisect BS in K ; join OK, 
atid from Q the middle point of PP' draw QT perpendicular to 
AP meeting OK in T. Then TP, TF are the tangents at P 
and P". 

Let OT meet the asymptote in K. Then from (6) and (6) we 
obtain 

/(' tbk 

'^~k{b-h)~ h{b~ay 



Bat 



whence 



BS _ BS 
^ AB b-a' 



k_BK 

h' b ' 



S=2BK. 



Since the points P and P" are inverse points the angle 
TPP" = TP'P ; whence TP = TP'; hence if TQ be drawn perpen- 
dicular to AP, Q is the middle point of PP", and the construction 
at once follows. 

129. If the tangenta at P and P" m^et the asymptote in t 
and t', 

Pt = Pt;. 

We have shown in 1 126 that 

'^AQiMsB={AP -\- AP') cos = b- a- (b + a)cos''e ...{1). 

Also if 

4, = TPF = TFP, 

it can be shown from (4) that 

^ , {h + a)siiie + AQ%xae 
cot = pg- . 

Now 

Pt _ cosg 
PB cos (5+*)' 



Digitized ByGOOgle 



CIRCULAE CUBICS. 
frhwkce 

■■^'- C08{i? + ^) 

_ {{b + a)co3e + AP'\coa 
cos(6 + <f>) ' 

by (7). But 

cos (fl + ^) = sin ((6 4 a) cos (9 + 4Q - PQ) sin tf/PQ 
- j(6 + a) cos e + jIP") sin tf sin ^/PQ, 



P(=PO cot dcosec^. 

Proceeding in the same way, we shall find the same expression 
forP'f; whence Pi^P-*'. 

This proposition was first proved by Dr Booth for the case of 
the logocyclic curve, 

130. Since nodal circular cubics are curves of the fourth class, 
it follows that four tangents can be drawn from any point not on 
the curve. We shall now obtain the quartic equation which 
determines the vectorial angles of the points of coutact. 

The polar conic of any point {h, k) is 

A(3a!"+y-2cw) + 2%(a;-6)-aa!'-6i/>.0 (8). 

Transform (3) and (8) into polar coordinates, eliminate r, and 
put z = tan 0, and we shall obtain 
b{h-b)2'+{Sbh~2ah-ak)ji^-2k(b-a)e + a(k-a) = 0...{9). 

When the point is on the asymptote, A = 6 and the quartic 
reduces to a quadratic ; whilst if a = 0, so that the cubic 
becomes a cissoid, (9) reduces to a cubic as ought to be the case, 
since cuspidal cubics are curves of the third class. 

131. 1/ the ordinate at P" meei, the curve again in p, the 
torments at P and p intersect <m the curve. 

Let V be auy point {h, k) on the curve ; VP, Vp the tangents 
drawn from V to the curve. 

Equation (9) ^ves the values of e or tan ; but if {h, k) lies on 
the curve two of the roots of the quartic must be equal to k/h, 
whence if z,, z^ be the other two roots 

2yfc/A+^, + ^, = (10), 

fa,!, _ g (& - a) 
T' "" b{k-b)' 
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whence by the equatioD of the curve 

«,^--o/6 (11). 

Let POB^e, pOB-e'; then *,=- tan tf, ^ = - tan ^, whence 

tantftan«' = a/6 \ ^'■^'■ 

Accordingly 

tan tf + tan tf" = 2 (if + oA'^/Ai* - 2X (say). 

Produce the ordinate at ^ to meet the cnrre in P', then 
FOB =■ pOB - ^ ; and the equation of the two lines OP, OF is 

(WE* - 267u^ + 6y = (13). 

The equation of the curve is 

a!(af+y*)-aaf-b}/' = (14). 

Adding (13) and (14) we get 

a;" + 1/* - 26Xy = (16), 

which is the equation of the circle circumscribing the triangle 
OPF. 

Multiply (15) by a and subtract from (13) and we get 

(6 - a) 1/ + 2fcX (a-ai) = 0. 

This is the equation of the straight line which passes through 
P and F, and since it is satisfied by y = 0,w^a, it passes through 
the vertex A. 

132, The circle drcumsGnbing the triangle OPp passes through 
a fiaxd point on the axis. 

From (12) it follows that the equation of OP, Op is 

(W^ - V - ^kwyjh = 0. 

Subtracting this from (14) we obtain 

a;" + y* - 2cm: + 2%/A = 0, 

which is the equation of the circle which passes through OPp, 
This obviously passes through the point x = 2a, y = 0. 
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The Trisectrix of Maclaurin. 

133. A particular case of the nodal cubic is the trisectrix 
of Maclaurin, whose equation is 

which may be constructed as follows. 

Let OGO' be a diamet«r of a circle whose centre is C; through 
D, the middle point of OC, draw a straight line perpendicular to 
OG ; draw OBA cutting this line in B and the circle in A; on 
AO produced take a point P such that OP=AB. Then the 
locos of P is the required curve. 

Let 00 = a; AOG = ; then 

-x = OM= OP cose = ABcoB0, 



whence 



AB = 0A- OB = 2acoa0~^aee0, 



-X = ^(itiOS*$-l), 

- y = ia (4 cos' 5 - 1) tan e, 
whence eliminating 0, we obtain 

xia? + f)=^},aiy'-S^). 

By means of § 123 it can be shown that the circular points 
are points of inflexion, that the third point of inilesion (which 
must be real) is also at infinity, and that the line x = ^a is the 
inflexional tangent. 



The Logocydic Curve. 

134, The logocyclic curve is the inverse of -a, rectangular 
hyperbola with respect to a vertex. 

Putting a = - 6 in (3) of I 125, the equation of the curve may 
be written 

»(^ + 2/') + i(a^-^) = (1), 

or r cos (9 + 6 cos 2^ = (2). 

B. c. 6 
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The point a! = — 6, y = 0i8 the vertex, and the line x = bia the 
asymptote. The form of the curve is shown in the figure. 




Transfer the origin to the vertex A, and transform to polar 
coordinates, and the equation of the curve becomes 

r'-2brBec0 + b'=Q {3), 

whence 

r = 6(secl?±tanff) (4). 

Equation (4) enables the curve to be defined in the following 
manner. Let ^ be a fixed point, OD a fixed straight line whose 
distance from A iab, and let AO be perpendicular to OD. Draw 
any line AD cutting OD in D; and on AD take two points P, f 
such that PD = rD = OD. Then the locus of i* and P" is 
the logocyclic curve. 

From the construction it follows that 

AP = b(Bf,c0-ta.ji0), 
AP'=b{Bec0+t&ne), 
whence 

AP.AP- = b' = AO'. 

135. The tria/ngles AOP and AP'O are similar, and the angle 
POP' is a right angle. 

The first part follows from the relation AP.AP = AO\ and 
therefore AOP = AP'O. Also since PD = P'D = OD, 
DOF = DRO = POA = iTT - POD. 
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136. If 4> be the angle which the tangent at P makes mtk AP , 

tan ^ = C08 ft 
Taking the lower sign in (4) we have 

tan = - tan APT= - rd0/dr - cos ft 
From the properties of inverse curves, it foUowa that ^ is also 
the angle which the tangent at P" makes with AP'. 

137. If OK be drawn parallel to AP, and DT be drawn 
perpendicular to AP meetinff OK in T, the littea TP, TP' are the 
tangents at P and P', and the locus of T is a cissoid. 

Putting b= — a in the result of § 127, it follows that the locus 
of 2'i8theci88oida;(a^+y') = 6y'- Also since AO = OX, it follows 
that the line OK in § 128 is parallel to AP. A direct proof may 
of course be given. 

138. The locus of the foot of the polar svhtangent is a ca/rdund ; 
whilst that of the polar subnormal is a parabola. 

Ijei ZAZ' be the polar subtangent; drawAFperpendicular to 
the tangent at P. Then 

AZ = APt&n<}>'=b(aec$-^e)coBe 
== b {1 + cos ZAO). 
Also if 0, G' be the feet of the polar subnormals 
AO =■ AP cot <f> = b {see -i&Q e) sec 

b b 

l+sin^" l+cosGAO' 

139. Ze£ the tangents from any point T on the asynvptote touch 
the curve in P and Q ; and let the ordinates at these points meet 
the curve again in P" and Q ; draw PO, Q'O meeting the tangents 
at Q and P in M and N respectively. Then the angles 

PON^QOM=TAO. 
Equation (9) of § 130 gives the vectorial angles referred to 
as origin of the four tangents drawn from any point T. But if 
T lie on the asymptote A = 6 = - a, and (9) becomes 

36««-2Jb-6 = (6), 

whence 

tan tf, + tan 5a = 2i/36, 
tan tf , tan 5, = - ^, 

6—2 
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accordingly 
Nov 


tan(9, + 9,).Ji/6. 




P0if~POX-N0X 


also 


■=9, + «,-7r. 




QOM-QOX-MOX 




-«, + «,-», 




tan (6, + 0^~ir) = tan (0^ + tf.) 

= ^k/b = TXIAX 

=taii r^z, 

whence 

PON^QOM^TAX. 

140. The envelope of the chord of contact PQ is an eUipse. 

Putting h = b = — am(S) of § 130, the equation of the polar 
conic is 

U=iba/> + kxy + b'a!-bh/ = (6), 

and by (5) of § 139, the equation of the two straight lines drawn 
from the node to the points of contact is 

r=3h/'-2kxy~b!^ = (7), 

whence U+\V = ia the equation of another conic which passes 
through the points P, Q and also the origin. The easiest way of 
determining the condition that this conic should represent two 
straight lines is to observe that one of them must be of the form 
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y = lix; -whence substituting and equating coefficients of x we 
shall find that /i^b/k, X = /^/(i" - 6*), and we obtain 

(6ar-%)f(X?~2&')a!-36% + 6(Jfc'-t>)} = 0. 

The second factor equated to zero is the chord of contact, and 
its envelope is the ellipse 

dy' + i(x+b){Zx+b)=0. 

Further information on this curve will he found in Booth's 
Treatise on some New Geometrical Methods. 



The Giaaoid. 

I4<1. The cissoid is the inverse of a parabola with respect to 
its vertex, and its equation is fouod by putting a = in (3) of 
§ 125, and is 

x{oi'-\-f) = bf (1), 



O0 = bs\ 



..(2). 



It is also the pedal of the parabola y* + 46a! = with respect 
to its vertes. 

It is, however, more usual to define the cissoid by the following 
construction. Let OA be a diameter of 
a circle, Q any point on its circumference ; 
draw QN perpendicular to OA. Let 
Jlf be a point on OA such that Oi/^=jlif, 
and let MP be drawn perpendicular to 
OA meeting OQ in P. Then the locus 
of P is a cissoid. 

Let POM=e, OA=b; then 

!e=OM=AN = bsm'd, 
y/(^ + y') = sin>d, 
whence the locus of P is the curve 

x{af+f) = by\ 

The curve has one asymptote, viz. the line y = b, also the origin 
is a cusp; hence the curve is of the third class. 
The circle OQA is called the generating circle. 
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142. Newton has given the following geometrical construction 
for drawing a cisaoid. 

The side CB of a right angle is of constant length 2c. The 
side CA passes through a fixed point A, whilst the extremity B 
moves along a fixed straight line whose distance from A is equal 
to CB. Then the locus of the middle point P of CB is a cissoid. 

Let be the middle point of AD, then AO=OIi=c; also 
\QtGAD = e.x=OM,y = PM. Then 
e-x = MD = C8\ne, 
t/ coa 6 +(c -ha;) Bin = CP = c, 
whence eliminating 0, we get 

and therefore the locus o( P iaa cissoid. 

143. The cissoid was invented by the 
Qreek geometer Biocles for the purpose of obtaining a geometrical 
construction for solving the problem of finding two mean pro- 
portionals between two straight lines; or, as it is sometimes 
called, the duplication of the cube. This construction, combined 
with Newton's method of drawing the curve, enables the problem 
to be solved by the aid of mechanical appliances. 

Let a and 6 be two straight lines, then it is required to 
determine x and y such that 

a/ai = xly=ylb, 
which requires that a=6 = a^. 

Let OA = a, OD = b ; join AD meeting the cissoid 
a^ (a^ + f) = af 

in P. Join OP and produce it to meet the 
asymptote in Q, Then ^Q ia the required 
line. 

From the equation of the cissoid 




PM» 

PM 
OM 



qM 

AAf 
.4« 
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OM OP b 



whence 



A^_ b 
a' AQ' 
or AQ' = a'b. 

144. Since a cisaoid is a curve of the third clasa, three 
tangents can be drawn from any point not on the curre. We 
shall now explain a geometrical construction by means of which 
this may be done*. 

The polar conic of any point (h, k) is 

k(Zaf> + f)+2k^(x~b}~by' (3). 

Multiply <1) by Sh and (3) by x and subtract and we shall 
obtain 

2kx(a;-b) = {b+2h)a;y--3bky (4). 

Multiply (3) by 3h and (4) by 2k and add and we get 

(9h'+ik^)i^+3k(h-b)y' + 2k(k-b)xy--4b!i^a! = 0. 
In this write (a^ + y'')lb for y'/a: and we get 
3hih-h){s? + y*)-\-(W + ^k')hx+1kb(h-h)y-^}^k'=0 

(5). 

which is the equation of the circle passing through the three 
points of contact of the tangents from {h, k). 

A circle and a cissoid intersect in sij£ points, two of which are 
the circular points at infinity ; and we shall now find the fourth 
point of intersection It. 

Transform (5) to polar coordinates, eliminate r by means of 
(2) and we shall obtain the equation 

(3k tan ^ + 2k) [(A - 6) tan» ^ + 3A tan ^ - 2/:] = . . .(6). 
Putting a = in (9) of § 1 30, it follows that the second factor 
, gives the vectorial angles of the points of contact of the tangents 
drawn from (A, k) ; whence the equation 

3Atan5 + 2A: = (7) 

determines the fourth point It in which the circle cuts the 
cissoid. 

* J. J. Walker, " On taugeata to the cissoid," Proc. Land. Math. Soc. Tol. n. 
p. 161. 
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The pointa where (6) cuts the generatiDg circle are found by 
transforming (5) to polar coordinates and eliminating r by means 
of the equation r^b cos 3. This leads to the equations 

2kta.T,0,~ih + b = o\ 

Equations (7) and (8) give the following geometrical construc- 
tion for drawing three tangents to a 
cissoid from an external point. 

Let A be the centre of the gene- 
rating circle, OA the cuspidal tangent. 
From the point 'f (h, k) draw TM 
perpendicular to OA, and take K such 
that KM = ITM. On the other side of 
OM draw OR cutting the cissoid in R 
such that angle ROM = MOK. Braw OQ perpendicular to OK 
meeting the generating circle in Q. Produce AO to L ao that 
AL = OM: join LT, and draw OQ' cutting the geoerating circle in 
g, and making with OM an angle Q'OM = LTM. Let the circle 
through QCB cut the cissoid in P, , P„ P, ; then TP„ TP,, TP^ 
are the tangents from T. 

We have tan ROM= tan MOK = 2A:/3A, 

whence by (7) R is the fourth point of intersection of the cissoid 
with the circle through the points of contact. Also 

tan QOM= cot MOK = Zhj^Jc, 

tan <^0M = tan MTL = (4A - 6)/2A;, 

whence by (8) Q and Q* are the pointa where the circle through 
the pointa of contact cuts the generating circle. 

When the point T is on the curve, the tangent may be drawn 
by the following simple construction. 

Produce the ordinate TM to K such that KM=2TM; join 
OK and produce it to meet the curve in R, then TR is the 
required tangent. 

Putting a = in (9) of § 130, the equation 

{k -h)i«D!' 6 + Zki&a -^-Q <9) 
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determines the Tectorial aogle of the points of contact of the three 
tangents drawn irom (h, k) to the cissoid. If (k, k) lies on the 
curve. A:* (6 — A) s= A', whence (9) becomes 

A» tan= fl-3M» tan ^-1- 2*^ = (10), 

two of the roots of which are equal to k/k (as ought to be the 
case), whilst the third root is equal bo — 2k/L This at once gives 
the foregoing construction. 

When T is on the asymptote, h = b, and we obtain from (9) 
tan5 = |A/A. Hence if OK meet the curve in P, then P is the 
required point of contact. 

145. To find the tangential equation of the dssoid. 
The equation of the tangent at {a>, y) is 

Z(ac + 3^)+2Fy(ir-6) = ty (11), 

whence f = (3ie* + f)!by. 

Eliminating x and y by means of (1) we obtain 

276V=4(A|-1)' (12). 

By § 57, the reciprocal polar is obtained by writing xjk?, yjk' 
for f , i; ; and is 

27ii;'%'' = 4(6fl;-jfc»)' (13). 

This curve is the evolute of a parabola. 

The pedal of the cissoid with respect to the cusp is obtained 
by inverting with respect to a circle of radius k, and is 

2ny{!>?+f) = i{hx-a?-ff (1*), 

and is therefore a sextic curve. 

The orthoptic locus is a sextic curve which can be written 
down by the method of § 68. 

Foci. 

146. The foci of circular cubics are best studied when the 
curve is treated as a particular case of a bicircular quartic ; we 
shall therefore only make a few remarks on the subject. 

Since nodal circular cubics are of the fourth class, it follows 
that the curve has one real double focus and four real single 
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ones ; also the inverse points of the foci of the conic, whose inverse 
the curve is, are two of the single foci ; and the node is a third 
focus. On the other hand, cuspidal cubics are of the third class, 
but in consequence of the cusp replacing the node, the curve has 
the same number of double and single foci. It will be shown in 
Chapter VIII. that when a circular cubic has a double point, the 
latter is a double or a triple focus composed of tlie union of two or 
three single foiyi, as the case may be, according as the double point 
is a node or a cusp ; but for the special class of circular cubics 
considered in the present Chapter a direct proof may be given 
as follows. 

Transform the cubic mia? -\- y') = 03^ + by' into trilinear co- 
ordinates by taking an imaginary triangle of reference, one of 
whose sides is the line at infinity, whilst the other two sides are 
the lines joining the double point with the circular points. Then 
we may write 

^=x + iy, y^x-Ly, 1=1, 

and the cubic becomes 

2/37 09 + 7) - (« W + 7>" - K« - 7« ', 
and therefore the tangents at the circular points (7, /), O, /) are 

27-/(0-1.). 2ff.I(a-b). 
or in Cartesian coordinates 

2(ar-(y)-a-i, 2(a; + .y) = a-6, 

which intersect at the point 2x = a — b, y = 0, which determines 
the double focus. 

To obtain the real single foci, we observe that symmetry shows 
that they must lie on the axis of jc; we must therefore find the 
condition that the line x- a + iy = should touch the cubic, 
where (o, 0) are the coordinates of any focus. The points of 
intersection of this line with the cubic are determined by the 
equation 

a;" (a - 6 - 2a) + a (26 + a) - 6a' = 0, 

and the line will be a tangent if 

a'(a'-46a+4a6) = 0. 
In the case of a nodal cubic, the factor a* = determines two 
of the single foci, which shows that the node is a double focus 
formed by the union of two single foci ; whilst the other factor 
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detennines the two remaining single foci, which are the 
points of the foci of the conic. 

In the case of the cissoid a = 0, and the equation becomes 

a'(a-46) = 0, 

which shows that the cusp is a triple focus composed of three 
single foci, whilst the other single focus is the inverse of the focua 
of the parabola. The double focus is determined by the equation 
s- — i6. 

147. If be the node of any nodal circular cKbic, 8 and H 
the two single foci, and P any point on the curve, 

l.SP + 7n.HP=n.0P, 
where I, m, n are constants. Also if a central conic be inverted 
with respect to its vertex 0, and A be the vertex of the cubic, 

SP HP OP 

os'^oh'Ua- 

Let iS', H' be the foci of the conic, 2A its major asia, P' any 
point on the conic; then, if unaccented letters denote the inverse 
points, 

SP S'P' S'P'.OS 



■whence 



OP OS' It^ 

UP H'P'.OH 
0P~ i* 
SP_ BP _ 
OS'^OH~ h?^ 

= tA . OP/k', 
which proves the first part. But when is the vertex of the 
conic, lt?/2A = a = OA, which proves the second part. 

148. The following propositions may be proved by inversion 
for any nodal circular cubic. 

(i) The circles passing through 08P aitd OHP cut the curve 
at equal armies. . 

(ii) If any circle passing through and a focus cut the cubic 
in P and Q, the tangent circles at P and Q which pass through 
intersect on a fixed circle. 
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(iii) If two circles dravm through touch the curve at P and 
Q and also cut one another orthogonally, their other point of inter- 
section lies on a circle. 

We ahall conclude this Chapter by discussing & few cubics 
which do not beloi^ to the foregoing species. 



The Semicuhical Parabola. 

149. The semicubical parabola is the curve whose equation 
is 

«!/"-«■ (1). 

and we shall now prove that this curve is the evolute of a 
parabola. 

Let be the centre of curvature at any point P of a parabola 




whose latu8 rectum is 4c. Let SOP — SPG = ■<^ ; (ic, y) the co- 
ordinates of referred to the focus 8. Then by Conies, 

PO.SY^^SP', 
and 8P = CBec'^, SF=caec^, 

PO=2c8ec»^. 
Also a^ = - Si* cos 2^ + P0 cos ^ 

= c(l+3tan'i^), 
y = ~-8PBmiy^ + P0 sin ■^ 
= 2c tan' i^, 
whence the locus of referred to S ia 

27cy' = i(a!-cy (2). 

Transfer the origin to the point x = c, which is the centre of 
curvature of the vertex A, and (2) becomes 

27cy' = ia? (3), 



^dByGoogle 



THE 8EMICDBICA.L PARABOLA. 93 

■which is of the same form as (1). The form of the curve is shown 
in the figure. 




Comparing (2) with (13) of § 145, it follows that the aemi- 
cubical parabola is the reciprocal polar of a cissoid with respect to 
its cusp, and that the cissoid is the reciprocal polar of a semicubical 
parabola with respect to the focus of the parabola of which it 
is the evolute. Also 8ince the cissoid is the inverse of a parabola 
with respect to its vertex, we may deduce properties of the cissoid 
from those of the parabola by inversion, and thence deduce 
properties of the semicubical parabola by reciprocation. 

150. To find the tangential equation referred to the cusp as 
origin. 

From (1) it follows that the equation of the tangent at {x, y) 
is 

^Xa?-2Yay = a^, 
accordingly the tangential equation is 

4ap=27^' (4), 

whence the semicubical parabola is its own reciprocal polar with 
respect to its cusp. It also follows that the line at infinity is a 
stationary tangent to the curve ; hence the curve has a point of 
inflexion at infinity, and one real asymptote, viz. the line at 
infinity. 

The first positive pedal is the quartic 

*£«!' = 27 (ar" + 3^) 3^ (5), 

whilst the orthoptic locus is the parabola 

y^ = c(x-c) (6), 

where c = ial27, which is a diflferent form of the well known 
proposition that the locus of the intersection of two perpendicular 
normals to a parabola is another parabola. 
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The Cubicai Parabola. 



161. The cubical parabola is the curve whose equation is 

«■-«■» (1); 

the origin is therefore a point of inflexion. 
The tangential equation of the curve is 

*a*^ + 2lv = (2), 

and consequently the curve is its own reciprocal polar with respect 
to its point of inflexion. The curve has a cusp at a point at 
infinity on the axis of y ; and the line at infinity is the cuspidal 
tangent, and is therefore the real asymptote. 




The first positive pedal is the quintic 

4aW+27(a^+y>)^y=0 <3), 

whilst the orthoptic locus is the quartic 

(fl!y + c')' + y' = 0, 

where (^=ia'/2'I, which breaks up into the axis of x and the 
rectangular hyperbola xy + ^ = 0. 

The Folium of Descartes. 
162. The equation of the folium of Descartes is 
af+i/'= Sax}/, 
and if the axes be turned through an angle of 45°, the equation 
becomes 

x(j? + Z!/') = a(ai'-f) (1). 

The curve may be generated in the following manner : 

Let be a filled point on a circle whose centre is G, and let 
CO, CB be' two perpendicular diameters. Draw any line OA 
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cutting CB in B and the circle in A ; and on OA take two points 
P and Q such that OP = AB and 

80 that OQPB IB a haimonic range ; then the locus of Q is the 
required curve. If a be the radius of the circle, we have 



and therefore (3) becomes 

which is the locus of Q. 

The locus of P is the logocyclic curve, for if (a;, ^) are the 
coordinates of P, 

^-::^=co8 2e, 

af + f 
JMtd by (4) OP cos ^ = a cos 20. 

The form of the curve is almost identical with that of the 
li^ocyclic curve. The origin is a crunode, and the line 3a; + a = 
is the only real asymptote. The curve has one real, point of 
- inflexion which is at infinity, and the asymptote is the inflexional 
tangent. To prove this, interchange tc and y in (36) of § 49, and 
it becomes 

y(p4 qx) (lw + my + n)+Pa?+Qi>? + Ra; + S = 0. 

In this, putm = P=l, Q = ~a, R = S = l = n = 0,p = a, q = 3 
and the equation reduces to (1), and the asymptote %K + a=0 is 
the inflexional tangent at infinity. 
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The Witch of Agneti. 

153. Let AB and CD be two perpendicular diameters of a 
circle. Through A draw ANQ, cutting the circle in Q and the 
diameter CD in N\ through Q and N draw QM, NP respectively 
parallel to CD and AB and intersecting in P. Then the locus of 
P is a cuhic called the witch of Agnesi* 

Let A be the origin, QAM= d; then 
(y* + a*) cos' B = a', 
and ic = 2a cos' 0, 

whence the equation of the curve is 

(y* + a')<r=2a» (1). 




The form of the curve is shown in 
the figure. It has two real points of 
inflexion at C and D and a third real 
point at infinity ; also the curve cuts the 
axis of X at right angles at B, and the 
axis of y is an asymptote. 

The curve has also a conjugate point 
at infinity, which lies od the axis of x. This result at once follows 
fix>m (34) of § 48, from which we see that the nodal tangents are 
determined hy y' + a' = 0, and are therefore imaginary. 



i, Utitiaione anatitiehe, Milano 1748. Loria, Bibtioth^ca laalk. 1897, 
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CHAPTER VII. 

CURVES OF THE THIRD CLASS. 

154. We have shown in § 54 that the class of a curve is 
equal to the degree of its reciprocal polar, also that a node and a 
cusp respectively correspond to a double tangent and a stationary 
tangent on the reciprocal polar. Whence curves of the third class 
are the reciprocal polars of cubics, and may be classified according 
to the following scheme ; 







The first species, which are the reciprocal polars of anautotomtc 
cubics, include all sextic curves of the third class. They have 
nine cusps, and no nodes, double tangents or points of inflexion ; 
also since six of the points of inflexion of an anautotomic cubic 
must be imaginary, six of the cuspa of the sextic must also be 
imaginary. 

The second species, which are the reciprocal polars of nodal 
cubica, include all quartic curves of the third class. They have 
three cuaps, one double tangent and no nodes or points of 
inflexion ; also since two of the points of inflexion of a cninodal 
cubic are imaginary, it follows that if the double tangent touches 
the quartic in two real points, one of the cusps must be real and 
the two others imaginary. If on the other hand the double 
tangent touches the quartic in two imaginary points, all three 
cusps must be real. Since an acnode is a real point, the corre- 
sponding double tangent must be a real straight Hne ; but the 
pointe of contact, which correspond to the tangents at the acnode, 
will be imaginary. 

B. c. 7 
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98 CURVES OP THE THIRD CLASS. 

The third species consists of cuspidal cubica, which have 
already been discussed. 

155. We shall now give a few examples of the method by 
which properties of curves of the third class may be obtained from 
those of a cubic by reciprocation, 

(i) A straight line can be drawn through three real points 
of inflexion of a cvbic, or through one real point and two coiiptgate 
imaginary ones : whence. 

The cuspidal tangents at three real cusps, or at one real and 
two conjugate imaginary cusps of a curve of the third class, pass 
through a point. 

Since a quartic curve cannot have more than three cusps, it 
follows that the cuspidal tangents of a tricuspidal quartic intersect 
in a point. 

(ii) If three tangents be drawn to an anautotomic cubic from 
a point of inflexion, the points of contact lie on a straight line: 
whence, 

The tangents to the sextic, at the three points where any cuspidal 
tangent intersects the curve, meet at a point. 

This point which is the pole of the harmonic polar will be 
called the harmonic point of the cuspidal tangent. In the case of 
a tricuspidal quartic, the point in question is the point of inter- 
section of the double tangent with the tangent at the point where 
the corresponding cuspidal tangent cuts the curve ; also since a 
nodal cubic has three harmonic polars which intersect at the node, 
there are three of such points, which lie on the double tangent of 
the quartic. 

(iii) If a straight line intersect a cubic in three points, the 
three points, in which the tangents at the first three points cut the 
cubic, lie on a straight line : whence. 

If three tangents be drawn to a curve of the third class from a 
point, and from the points of contact three other tangents be drawn 
to the curve, these last three tangents will meet at a point. 

(iv) If two straight lines be drawn through a point of inflexion 
to meet a cubic in four points, and their extremities be joined 
directly and transversely, the two points of intersection lie on the 
harmonic polar : whence, 
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From any two points T,t on a cuspidal tangent of a cv/rve of 
the third class draw two pairs of tangents TP, TQ and tp, tqto the 
curve; and let P, p, Q, q be their points of intersection, then PQ 
arid pq pass through the harmonic point. 

From (ii) it follows that in the caae of a tricuspidal quartic, 
the lines PQ and pq intersect on the double tangent ; which may 
be easily verified in the case of some simple curve auch as the* 
cardioid or the three-cusped hypocycloid. 

(v) If two tangents be drawn to a ctihic from a point A on the 
curve, the tangent at the third point where the chord of contact 
intersects the cvbic meets the tangent at A at a point on the curve : 
whence. 

Let a straight line touch a curve of the third class at D and 
intersect it at B and 0. Let the tangents at B and C intersect at A, 
and let the tangent at A touch the curve at E ; then DE touches the 
curve. 

156. The foregoing examples sufficiently illustrate the appli- 
cation of the method of reciprocal polars in the case of curves of a 
higher degree than the second. It will, however, be shown in 
Chapter XII. that any projective property of a nodal cubic may 
be deduced from the corresponding property of the logocyclic 
curve ; and therefore instead of reciprocating the properties of 
this curve, and thereby deriving properties of a special class of 
tricuspidal quartics, the preferable course is first to generalize by 
projection, and afterwards to reciprocate. But in the case of 
properties which are not projective, the method of reciprocation 
may be employed with advantage in the first instance. 



Orthoptic Loci. 

157. In § 68 we have explained a general method of finding 
the orthoptic locus of a curve. We shall now apply this method 
to examine the orthoptic loci of curves of the third class. 

In dealiog with this subject, the most convenient classification 
to make is a fourfold one which is founded upon the position of 
the origin of reciprocation. 

(i) Let the origin not lie on the cubic. Then the reciprocal 
polar consists of all sextic, quartic -and cubic curves of the third 

7—2 
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100 CURVES OF THE THIRD CLASS. 

claaa which do not touch the line at infinity ; and the orthoptic 
locus is a sextic curve. This may be verified in the case of the 
cissoid ; and it will hereafter be proved that in the case of the 
cardioid, the orthoptic locus consists of a circle and a lima(^n, 
which together make up a sestic curve. 

(ii) Let the origin lie on the curve. Then the reciprocal 
• polar includes all sextic, quartic and cubic curves of the third 
cla^s which touch the line at infinity ; and the orthoptic locus is 
a quartic curve. 

(iii) Let the origin be a node. Then the reciprocal polar 
includes all quartic curves of the third class to which the line at 
infinity is a double tangent ; and the orthoptic locus is a conic. 
The three-cusi>ed hypocycloid furnishes an example, for the locus 
is a circle, 

(iv) Let the origin be a cusp. Then the reciprocal polar 
includes all cubic curves to which the line at infinity is a stationary 
tangent; and the orthoptic locus is a cooic. For example, the 
orthoptic locus of the evolute of a parabola is a parabola. 
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CHAPTER VIII. 

QUAETIG CURVES. 

158, The general equation of a quartic curve is of the form 
W4 + M» + it! + Wi + Mo = 0, where u„ is a binary quantic in x and y, 
and therefore contains fourteen independent constants. A quartic 
ciBinot have more than three double points ; or it may have two, 
one or no double points ; also any double point may be a node or 
a cusp. It therefore follows from Pliieker's formulae, % 89, that 
quartic curves may be divided into the following ten species, 
which are shown in the accompanying table. 3 



I. 










12 


28 


24 


II. 




I 





10 


16 


18 


III. 







1 


9 


10 


16 


.» IV. 




2 





8 


8 


12 


V. 




1 


1 


7 


4 


10 


: vr 







2 


6 


1 


8 


.;,VII. 




3 





6 


i 


6 


vm. 




2 


1 


5 


2 


i 


5^ IX. 




I 


2 


i 


1 


2 


> X. 







3 


3 


1 








From the preceding table it will be observed first that in the 
last four cases the curve is unicuraal; secondly, that the tenth 
species is the only one iu which the quartic is of the third class ; 
whence a variety of theorems relating to tricuspidal quartics can 
be obtained by reciprocating the properties of nodal cubics. 
Thirdly, the ninth species is the only one of the fourth class, and 
is therefore the only species in which properties of one quartic 
can be derived from another by reciprocation. 
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QUARTIC CURVES. 



159. When the equation of a quartic is of the form M( + m, = 0, 
the origin is a triple point, the three tangents at which are given 
by the equation u, = 0. Since this is a cubic in yjx, the tangents 
are (i) all real and distinct, (ii) one real and distinct and two real 
and coincident, (iii) all real and coincident, (iv) one real and two 
imaginary. Hence there are four species of triple points ; and we 
shall now show that every triple point is formed by the simuUa- 
neous union of three double points. 

Let A, B, C be three crunodes. When the nodes coincide, the 
tangents at A and B to the branch AB coalesce into a single 
tangent. Similarly the t^ngenta at A and C to the branch AC, 
and those at B and G to the branch BC respectively coalesce into 
two single tangents. Hence the three pairs of tangents at A, B 
and C coalesce into three single tangents at the point at which 




the three nodes ultimately coincide, and therefore this point is a 
triple point. The forms of the curve before and after union are 
shown in figures 1 and 2. 

The second kind of triple point is composed of two crunodes 
and a cusp ; and the forms of the curve before and after union 
are shown in figures 3 and 4. The triple point consists of a cusp 
which lies on the curve. 

The third kind of triple point is composed of two cusps and a 
crunode ; and the forms of the curve are shown in figures 5 and 6, 
The point scarcely differs in appearance from an ordinary point on 
the curve. 
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The fourth kind of triple point consists of two conjugate points 
and a crunode. The forms of the curve are shown in figures 7 
and 8, and the point does not differ in appearance from an ordi- 
nary point*. 

No quartic can have a triple point composed of three cusps; 
for if such a point existed, the quartic would belong to species X., 
and therefore its reciprocal polar would be a nodal cubic having 
three coincident points of inflexion ; but on referring to § 98 it 
will be seen that the equation for k cannot have three roots equal 
to zero unless n vanishes, in which case the cubic breaks up into 
three straight lines. 

160. Since imaginary singularities occur in pairs, no cubic 
can have an im^inaiy node or cusp ; but such singularities may 
occur in all curves of a higher degree than the third. We shall 
also see that, in addition to the triple point, certain other singu- 
larities exist which are formed by the union of two or more 
simple singularities. We shall therefore require the following 
additional definitions: 

(i) The simple singularities are four in number, viz. the node, 
the cusp, the double tangent and the stationary tangent. 

(ii) A compound singularity is one which is formed by the 
union of two or more simple singularities. Compound singularities 
are real, imaginary or complex, according as the simple singulari- 
ties of which they are composed are all real, all imaginary, or partly 
one and partly the other. 

In the case of an ordinary triple point, the three double points 
are supposed to move up simultaneously to coincidence; but if 
two double points first move up to coincidence and the third one 
afterwards moves up to coincidence with the first two, we obtain 
certain singularities which are not triple points. These will now 
be considered. 

Tacnodes. 

161. A tacnode ieforvied by the union of two nodes. 

In the Hgure let the two nodes A and B coincide, whilst C 
remains stationary. The portion ADB, which lies on the side of 

* Id the case of a quartic, the two conjugate points moat lie outside the 
portion ABC, and mnst be so situated that no line can be drawn through either of 
them BO M to cut the curve in mote than two points. 
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AS remote from C, thereupon disappears, and the loop GA.J)B 
touches the branch AB at the point at which A and B coincide. 
The point A is therefore a tacnode, and the two figures show the 
forms of the curve just before and just after coincidence. Since 
the line AB, which ultimately becomes the tangent at A, inter- 
sects the curve in two coincident points at A and B, the tangent 




at a tacnode has a contact of the third order with the curve, and 
therefore cannot iutersect the quartic at any other point. Also 
two double tangents can be drawn, each of which touches the loop 
CAB; and since they ultimately coincide with the tangent at A, 
the tacnodal tangent is equivalent to two double tangents. Quartic 
curves having tacnodes belong to species IV. VII. or VIII., and in 
each species the number of ordinary double tangents is diminished 
by 2. 

A singular point which is formed by the union of two con- 
jugate points possesses all the properties of a tacnode, but it does 
not differ in appearance from an ordinary acnode. 

The point on the reciprocal curve which corresponds to a 
tacnode is also a tacnode. 

The general equation of a quartic having a node at the origin 
is M, + Mj + «! = 0. If the quartic has another node at a point C 
whose coordinates are x = a, y = 0, it follows that when y = 0, the 
quartic must reduce to a^ (a; — a)* = 0. Also wheu x = a, the 
resulting equation for y must have one pair of roots equal to zero. 
Hence the general equation of the quartic must be 

Aaf(_x-ay + 2Bxjf(x-a)(x--b) + y'(Uj + Ut + ih)''0 (1), 

and the equation of the tangents at the origin is 

Aa*af + 2Babx^ + ')hf = (2). 
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When the two nodes coincide, a = 0, and (1) becomes 

Aif + 2Ba^y(_x - b) + f{u^ + u, + u,) = (3), 

which is the general equation of a quartic having a tacnode at the 
origin and the axis of x as the tacnodal tangent. The form of 
this equation shows that the axis of x has a contact of the third 
order at the tacnode. 

The radius of curvature p at the origin is the limit of ^i>^/y, 
when X and y vanish ; whence putting x* = 2pif in (3), dividing 
out by y* and then putting x = y=0, we obtain 

iAp'-iBbp + u„ = (4), 

whence the two branches lie on the same or on opposite sides of 
the tacDodal tangent according as Uo/A is positive or negative. 



Rhampkoid Cusps. 

162. A rhampkoid cusp ia formed by the union of an ordinary 
cusp a>ui a node. 

The figures show the forms of the curve just before and just 
after the node and the cusp coincide. It will be observed that 
the curve possesses one double and one stationary tangent, both 
of which ultimately coincide with the cuspidal tangent. Hence 





the latter counts once as a double and once as a stationary 
tangent. Quartic curves having rhamphoid cusps belong to 
species V. VIII. or IX., and in each species the number of double 
and stationary tangents is diminished by 1. 

The reciprocal polar of a rhamphoid cusp is another rhamphoid 
cusp. 

From (2) it follows that the condition that the origin should 
be a cusp is that 5*6= = Au^; whence by (3) the general equation 
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of a quartic having a rhampboid cusp at the origin, and the axis 
oi X &B the cuspidal tangent, is 

{Aa^-Bbi/y + 2ABa^ + Af(tij + u,) = (5), 

whilst (4) reduces to {iAp — Bby = 0, which shows that both 
radii of curvature are equal to ^BbjA. 



163. An oscnode ia formed by the union of a tacnode and a 
node. 

At a tacnode two branches of a curve touch one another ; if, 
however, the third node G in the figure to § 161 moves up to 
coincidence with the tacnode A, the two branches will have a 
contact of the second order and will therefore osculate one another. 
Both branches will therefore have a common circle of curvature at 
an oscnode. The forma of the curve before and after union are 
shown in the figures, Quartic curves having oscnodes belong to 




species VII., and have therefore four double tangents ; but we 
have shown in § 161 that the tangent at a tacnode is equivalent 
to two double tangents, and it will be seen from the figure that 
the curve has one other double tangent which ultimately coincides 
with the oscnodal tangent. Hence the latter is equivalent to 
three double tangents, and there is consequently only one ordinary 
double tangent. The reciprocal polar of an oscnode is also an 
oscnode. 

To find the conditions for an oscnode, we observe that (1) is 
the equation of a quartic having a node at the origin and at the 
point C or (a, 0) ; we must therefore first find the equation when 
the origin is a tacnode, freed from the condition that the axis of x 
shall be the tacnodal tangent, and then make the node at C move 
up to coincidence with the origin. The following two conditions 
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must therefore be satisfied, (i) the two tangents at the origin 
must coincide, (ii) the coincident tangent must have a contact of 
the third order with the curve. 

Equation (2) shows that the first condition requires that 
B'b'^ = Av^, whence (1) may be written 

{Aj: (x-a)- Bby]' + 2ABa?i/ {x-a) + Af (m, + w,) = 0. . .(6), 
also by (2) the tangent at the origin is 

Aax->rBhy = (> (7). 

Let ^^ = 03?+ I&xy + yi^ ) . , 

u^ = 2ew + 2fy [ ^ '■ 

To find where (7) intersects (G), substitute the value of y from 
(7), and it will be found that the resulting equation will reduce to 
;r*=0, provided 

B'b + Ae-A'aflBb = (9). 

Putting a = in (6) and (9) and substituting the value of e from 
(9), (6) becomes 

(Aaf-Bby + Bmfy' + t/'i2Afy + Au^-B'i>i') = (10), 

which is the general equation of a quartic having an oscnode at 
the origin and the axis of a: as the oscnodal tangent. 



Tacnode Cusps. 

16+. A tacnode cusp is /orm^ by the union of a tacnode and 
a cusp. 

The figures show the forms of the curve just before and after 
coincidence. The curve belongs to species VIII., which has two 
double tangents ; and since the tangent at a tacnode counts twice. 
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tbe curve cannot have any ordinary double tangent. The curve 
hae four stationaiy tangents, one of which ultimately coincides 
with the cuspidal tangent, and consequently there are only three 
ordinary stationary tangents. 

The reciprocal polar of a tacnode cusp is also a tacnode cusp. 

Equation (6) combined with (9) is the equation of a quartic 
having a tacnode at the origin, and a double point C at x = a, 
y = 0. To obtain the condition that the origin should be a tacnode 
cusp, we must first find the condition that G should be a cusp. 
To do this, transfer the origin to C, and pick out the terms of 
lowest dimensions, and it will be found that if x = !x! + a, the 
tangents at C are given by the equation 

id'aV + ^ABa (« - b) xy + f {&¥ + 4oo' + lAea) = 0. 

The condition that the point G should be a cusp is that 

(5>-4«)a = 2(5'6 + Ae) (11), 

which by (9) gives 

B'-Aa. = 1A^f\Bb (12). 

This equation determines the value of^ Substituting in (10), 
and changing the constants, it will be found that the resulting 
equation may be arranged in the form 

\A!^-Bhy-vB(t^-v\{a-&\A)f\''=E(mf'-\-Ff (13), 

which is the general equation of a quartic having a tacnode cusp 
at the origin, and the axis of a^ as tbe cuspidal tangent. 

165. Having explained the nature of the foregoing singu- 
larities, we shall now find the trilinear equation of a curve having 
one of these singularities at a vertex of the triangle of reference. 

Let a quartic have a pair of nodes at A and at a point h on 
the line AB ; and let the equation of CD be la. + m^ = 0. Then 
the equation of the quartic must be of the form 

^'(ia + m/9)' + 7(a*M, + aM,-l-M,) = (14), 

where ti^ is a binary quantic in ^ and 7 ; but since 7* must be a 
factor when la + m/S = 0, (14) must be of the form 

^ (la + m^f + 2^(la + m/3) (Xa + ti^) + 'f (v»a' + a«i +v,) = 

(16). 

When D coincides with A, 1 = 0, and (15) becomes 

m';3*-l-2m^(Xa + /*/3)+7»(r„a' + OTi + «,) = (16). 
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which is the general equation of a quartic having a tacnode at A 
and the line 7 = as the tacnodal tangent. 

The condition that A should be a rkampkoid cusp is ohtained 
from (15) by making A a cuap. This requires that Uo = V; 
whence putting I = 0, the required equation is 

{■m^ + \ayy + 2mti^ + 'f(av, + v,) = ii (17). 

By proceeding in the same way as in § 163, it can be shown 
that the equation of a quartic having an oscnode at A is 

(m^ + \arf + fi^y> + y'{q2y + V,) = (18), 

whilst the equation of a quartic having s tacnode cusp at A is 
im0' + -Kay+-^^+hf'y + E^ + Fy* = O (19). 

166. A Jlecnode ia a node, one of the tangents ai which is a 
ataiionary tangent. 

Since the fleenodal tangent has a contact of the second order 
with the branch which it touches, and cats the other branch which 
passes through the node, every fleenodal tangent has a contact of 
the third order with the curve. 

A bijtecnode is a node at which both the tangents are staiionary 
ones. 

The lemniscate (ic" + ff = o* (ar' — y*) has a real biflecnode at 
the origin ; and we shall prove hereafter that it has two imaginary 
biflecnodes at the circular points at infinity. 

Flecnodes and biflecnodes may be real, imaginary or complex \ 
but the only complex singularity of this kind ia formed by a 
conjugate point and one or two imaginary stationary tangents. 

The reciprocal polar of a flecnode is a double tangent which 
has a contact of the first order at one point of the reciprocal curve 
and touches it at a cusp at the other ; and the reciprocal polar of 
a biflecnode is a pair of cusps having a common cuspidal tangent. 

Curves of a higher degree than the fourth may have multiple 
flecnodes, consisting of multiple points, the tangents at which have 
contacts of higher orders than the second with their respective 
branches. Thus if a curve of the nth degree has a multiple point 
of order k, each tangent may have a contact of order n—k or of 
any lower order with its respective branch. 
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167. In § 20 a point of undulation was defined as a point 
where ike tangent has a contact of the third order with the curve. 
This definition must be understood to mean that the tangent has 
a contact of the above order at a point which is not one of the 
preceding singularities. It will be shown in § 180 that the 
reciprocal singularity is a triple point composed of a node and 
a pair of cuaps. 

On curves of the nth degree points exist where the tangent 
has a contact of any order which is not higher than the (n — l)th. 
Also multiple tangents may exist, which have contacts of orders 
r, 8, t, &c., at different points, where these quantities may have any 
integral values subject to the condition that 

r+l+s + l+( + l +A;c. 
is not greater than the degree of the curve. 



Flecnodes and Biflecnodes. 

168. We shall now proceed to discuss the properties of 
flecnodes and biflecnodes of a quartic, but the following prelimi- 
nary proposition will be useful. 

The curve which is the locus of points, whose (n — r)th polars 
break up into a straight line and a curve of degree r — 1, passes 
through every point on a curve where the tangent has a contact of 
the rth order. 

The equation of a curve which passes through the vertex A of 
the triangle of reference is 

«,«"-' + Maa"-' + M„ = (1). 

Now u, is the tangent at A, and if this tangent has a contact of 
the rth order with the curve, «i must be a factor of all the «'s up 
to M,; whence (1) becomes 

Wi(i;„a"-' + «ia"-'+ i7,_,a"-') + m„=0. 

The (n — r)th polar of J. is (f'-^f /do""', which breaks up into the 
tangent at A and a curve of degree r — \, which proves the propo- 
sition. In the case of a quartic, the proposition becomes : The 
locus of points, whose polar cubics break up into a conic and a 
straight line, passes through every point where the tangent has a 
contact of the third order loith the quartic. 
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The equation of a quartic having a flecnode at ^ is 

a^Mjii, + aw,«j + 1(4= (2), 

whitat if ^ is a biflecnode, the equation is 

a*iiiVa + atiiVi + Ut = (3). 

169. A quartic cannot have more than two fiecnodea. 

The equatioD of a trinodal quartic whose nodes are A, B and 
C cannot contain any powera of a, y9, 7 higher than the second, 
and must therefore be a ternary quadric in 1/a, l/j3, 1/7. Hence 
the required equation is 

X;SV + /Va' + i'a'y3'+»^7(i' + m/9 + n7) = (4). 

If B and G are flecnodes, the coefficients of and yS* must 
have a common linear factor, and similarly for the coefficients of 
7 and y ; whence the equation of a trinodal quartic having fiec- 
nodes at B and G may be written in the form 

+ a&f[la-\-ln{p + q)& + ny\ = (5). 

The condition that A should be a flecnode is that the coeflS- 
cient of a should be a factor of that of a'. This requires that 
p = q,ia which case the quartic becomes a perfect square. 

The condition that A should be a cusp is that p + q= ±2p. 
The upper sign must be rejected for the reason stated above ; 
taking the lower sign and changing the constants, (5) may be 



(M-^)"="e-^) ("^ 



which is the equation of a quartic having a cusp at A and a pair 
of flecnodes at B and C. 

170. If a trinodal quartic has two Uflecnodes, the third node 
must also be a biflecnode. Also two of the biflecnodes nmat be real 
and the third one complex; or tvo must be imaginary and the third 
real. 

It follows from (3) and (4) that if B and C are biflecnodes 
the equation of the quartic must be 

\la* + fil^ + vli'=0 (7), 
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which shows that A must be a biflecnode. Id order that the 
quartic may be real, it is necessary that the Biga of one of the 
coDStants should be different from those of the other two ; whence 
writing — V for v, it follows that if \, ft., v are all positive, the 
nodal tangents at A and B are real, whilst those at are imagi- 
nary. 

To prove the second part, let u,v,whe any real or imaginaiy 
straight lines forming a triangle ; and consider the quartic 

Xw*io» + /«ft(' + /uV = (8). 

Let u = a, v = ^ + ihy, w = 0- tky, 

2/i' = fi, + IV, 2v' = fL — tv, 
then (8) becomes 

\{8' + k^y + 'x''(j,,^-2k»0y - tihY) = (9). 

Equation (9) represents a quartic having a real biflecnode at 
A and two imaginary ones at the pointg where a intersects 
V and w. 

To find what (9) becomes when the imaginary hiflecnodes are 
the circular points at infinity, let A be the origin of a pair of 
rectangular axes ; then since the lines joining A to the circular 
points are iT ± ty = 0, we must put 

^s=iB, 7 = y, k = l, a = / 

in (9), which becomes 

or 7^ = 0,^ cos 20, 

which is the lemniscate of Bernoulli. 

I7l. We shall now prove that a biflecnode possesses a variety 
of harmonic properties analogous to those possessed by a point of 
inflexion on a cubic. 

From (3) it follows that the polar cubic of A is 

and therefore consists of the biflecnodal tangents and the line 
2ar„ + ti] = 0. This line, for reasons which will appear in the next 
section, is called the harmonic polar of the biflecnode. 
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172. Every line through a bifiecnode is divided harmonically 
by the curve and the harmonic polar. 

Let BC be the harmonic polar ; then Wi = and the equation 
of the qnartic becomes 

a»u, + tt( = (10). 

Let fi = kyhe any line through A ; then its points of intersec- 
tion with (10) are given by 

efti,' + 7^; = 0, 
where w,', Wi' are what «j, u, become when fi = k, 7 = 1. Hence 

from which it follows from § 100 that the line ia divided harmoni- 
cally by the curve and the hannonic polar. 

173. If two straight lines be dravm from a bifiecnode to meet 
a quarOc in /our points, and their extremities be joined directly 
and transversely, the points of intersection vnlt lie on the harmonic 
polar. 

Let the equation of the qnartic be 

a»u,-w, = (11), 

where Ms = il\ m, n'J^, y^, 

so that BC is the harmonic polar of the bifiecnode A. 

Let AB, AC be any two lines through A cutting the qnartic 
in P, Q and p, q respectively; then putting 7 = in (11), the 
coordinates of P and Q are given by 

la=±X^ (12> 

Putting ;3 = in (11), the coordinates of p and q are given by 

na=±vy (13). 

Let the upper signs refer to the points P, p and the lower to 
the points Q, q ; then the equations of Pp and Qq are 
n {la -\fi)-lvy = 0, 
n{la + \^) + l>rf = 0, 
which obviously intersect on the line BC. In the same way the 
equations of Pj and Qp can be shown to be 
n(la~\0) + lvy = O. 
n(la + X^)~lvy = 0, 
which also intersect on BC. 
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If AB and AG coincide, we obtaia the theorem that : — Tan- 
gents at the extremities of any chord through a biflecnode intersect 
on the harToonic polar. 

174. The harmonic polar passes through every double poifU of 
a qvart^c. 

In addition to a biflecnode, a quartic may hare two other 
double poiata; we shall therefore suppose that fi is a double 
point, in which case the terms involving ^ and ^ must be absent ; 
whence in (3) 

and w, = 7iii, or Vi = jV'y. 

This value of u, is inadmissible, since it would make the 
quartic break up into a cubic and a straight line ; hence f, = iTiy 
and the harmonic pohu- is 2ai'o -I- Sf = 0, which passes through B. 

175. Any Una through a double point is divided harmonicatltf 
by the quartie and the polar euinc 

If il be the double point, the quartic is obtained by putting 
It, = 0, n = 4 in (1), and the polar cubic is 

2au, + «, = (14), 

which shows that ^ is a double point on the cubic. If = hyhe 
any chord through A, its points of intersection with the quartic 
are given by 

ahii' + CFfUt' + 7^/ = 0, 

whence - H — = -, . 

The point of intersection of the chord with the polar cubic is 
given by 

20, Ut' 



whence — + — = — , 

7i y% 7> 

which shows that the chord is harmonically divided. This propo- 
sition is true when the chord is drawn through any compound 
singularity which involves a double point. 
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POINTS OF INFLEXION. 



Points of Inflexion. 



176, It appears from § 158 that an anautotomic quartic 
caDQot have more than twenty-four points of inflexion. We shall 
now prove that the maximum number of real points of inflexion is 
eight. 

Let be a node on a curve ; then it follows from ^ 46 and 85 
(i) that is a node on the Hessian, (ii) that the nodal tangents 
at are common to the curve and its Hessian, (iii) that the curve 
and its Hessian intersect in six coincident points at 0. Hence 
each nodal tangent is equivalent to three stationary tangents. 

If is a conjugate point, all six tangents are imaginary ; 
hence a conjugate point reduces the number of imaginary points 
of inflexion by six. 

If is a real cusp, the curve and its Hessian intersect in 
eight coincident points at 0; hence the cuspidal tangent is 
equivalent to six imaginary and two real stationary tangents. It 
therefore follows that a cusp reduces the number of imaginary 
points of inflexion by six and the number of real ones by two. 

If the cusp becomes a crunode, two of the imt^naiy stationary 
tangents move away to some other points on the curve, and each 
nodal tangent is equivalent to one real and two imaginary 
stationary tangents. Hence a crunode reduces the number of 
imaginary points of inflexion by four and the number of real ones 
by two. 

If a node or a cusp is imaginary, all the tangents are imagi- 
nary ; but since imaginary singularities occur in pairs, it follows 
that a pair of imi^ioary nodes or cusps reduces the number of 
imaginary points of inflexion by twelve and sixteen respectively, 

177. To prove that a quartic cannot have more than eight real 
points of inflexion. 

We have already shown that a crunode reduces the number of 
real points of inflexion by two ; hence a real biflecnode reduces 
the number by four. Now if it were possible for a quartic to have 
ten real points of inflexion, the fourteen constants could be deter- 
mined so that the points A and B should be real biflecnodes, and 
the point C a real crunode ; but we have shown in § 170 that this 

8-^ I 
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cannot be done, for if a trinodal qnartic has two real biflecnodes 
the third node must be a comples biflecnode competed of a con- 
jagate point and two imaginary stationary tangents. Hence a 
quartic cannot have more than eight reai points of inflexion. 



Points of Undidation. 

178. We ahall commence the consideration of points of undu- 
lation by proving the following two theorems. 

If the tangent at any point of a curve has a contact of order r, 
the tangent is equivalent tor — \ stationary tangents. 

Let the axis of x have a contact of order r with the curve at 
the origin ; then the equation of the curve must be of the form 

y(l+5a:+C^ + ...!*^i)+af+'(a + 6a! + c3/+...ti„_^,) = 0, 
where u„, t>n are binary quantics in x and y. 

A first approximation shows that the form of the curve in the 
neighbourhood of the origin is y + aaf*^ = ; whilst a second 
approximation gives 

y + 3f^^{a-¥(b-B)x\ = 0, 
whence 

- 2 =*•<'•+ l)^'{« + (*-^)^)+2(r+l)af(6-£). 

If there is a point of inflexion at a point Q in the neighbour- 
hood of the origin, the abscissa of Q will be given by the equation 
dh/jda^ = 0, and is therefore 



(r + 2)(S-B)- 

When Q moves up to coincidence with the origin, a = 0, and 
consequently when y = 0, the equation of the curve reduces to 

af*'(pt+PiX+ ...p,^^^ir"-^') = 0, 
which shows that the axis of x has a contact of order r +1 at the 
origin. 

The preceding theorem shows that every point of undulation 
is formed by the union of two points of inflexion ; and also, in 
combination with § 177, shows that a quartic cannot have more 
than twelve points of undulation, and that not more than four of 
these points can be real. 
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179. Every quartic may be expreaaed in the form S'^umot, 
where S is a conic, and w, v, vj, t are straigfu lities. 

The general equation of a quartic may be written in the form 
of a ternary quadric in U, V, W, where these quantities equated 
to zero represent three conies. The simplest way of proving this 
is to recollect that every ternary quadric can be expressed as the 
8uni of three squares by means of a linear transformation. The 
quartic can accordingly be expressed in the form 

and if the terms be multiplied out it will be found that the 
equation contains fourteen independent constants. It also follows 
that any form of the equation of a conic in triliuear coordinates 
will represent a quartic if U, V, fT be substituted for a, /3, y. 

Every quartic may be regarded as the envelope of the conic 
VU+2\V+ ir = 0, where X is a variable parameter; for the 
envelope is the quartic V* = UW, which by the last paragraph is 
one of the forms to which every quartic may be reduced. 

The equation V^ = UW is equivalent to the equation 

{x/tCr+(x+,i>F+Tr]'.(vD"+2xr+W)(M'f+2^F+ir), 

where X and fi. are arbitrary constants, as can at once be seen by 
multiplying out. The left-hand side is the square of a conic, and 
by determining X and fi so that the discriminants of the two 
factors on the right-hand side vanish, the latter may be reduced 
to four linear factors. Hence any quartic may be reduced to the 
form S^ = umvt, where iS is a conic and u, v, w, t are four straight 
lines. This form is due to PlUcker, and furnishes a means of 
determining the double tangents to a quartic. 

180. We have shown in the last article that every quartic 
may be written in the form 

S* + umvt = (1). 

The four straight lines u, v, w, t obviously touch the quartic at 
the eight points where the conic cuts it, and are therefore double 
tangents to the quartic. If, however, u, v, w, t touch S, the 
points of contact will be points of undulation on the quartic, and 
they may be all real, all imaginary, or two real and two imaginary. 
From this it follows that every tangent at a point of undulation is 
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equivalent to oae double tangent; but we have shown in § 17S 
that it Lb aleo equivalent to two stationary tangents, whence the 
reciprocal Bingularity is a triple point composed of a node and a 
pair of cQBpa. 

181. Let (1) be written in the form 

affytt + 8^==0 (2), 

where 

i8-i'o' + m'j8' + nV-2«i«j9y- 2*1^70 -2i»Mi;8 (3), 

u^Xit + fi0 + vy (4), 

ll\ + mjti. + nlv-0 (6), 

then the conic S touchea the quadrilateral a, 0,y, u at four real 
points which are real pointa of undulation on the quartic. 




In the figure, ABC is the triangle of reference ; HK is the 
line u = 0, and D, E,F, 6 aie the four points of undulation. The 
coordinates of are obtained by solving the equations S=0, u = 0, 
and are determined by 

Vall = fi.*ffjm = v^ln (6), 

whilst the equation of DG is 



\(~~l)a + mff-wf = (7). 



We notice that the three straight lines AD, BE, CF meet at 
the point la = tnff = 717. Also four triangles can be formed by 
taking any three of the four straight linea AB, BC, CA, SK, and 
any of these triangles may be taken as the triangle of reference. 
We thus obtain the following theorem : — 

If a truingle he formed by the tangents at any three real pointe 
of undulation, the linea joining the vertices of the triangle with the 
points of contact of the opposite sides meet at a point. 
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182. By a rearniDgement of terms (2) can be written 

^yt^^BF* (8). 

where EF = Ui - m^ - ny, eo that EF^ is the equation of EF. 
and 

ti = %mnEF^-lQiriW^-«a (9). 

The form of (8) shows that the conic ^i has a contact of the 
third order with the qnartic at two points £,, F^ which lie on 
BF; hut these points will not necessarily he points of undulation, 
eince the only condition that has been imposed is that the quartio 
should have four real points of undulation, and if the quartic is to 
have more than four such points a further relation between the 
constants is necessary. The required condition is that the dis- 
criminant of S, should vanish, in which case the conic breaks up 
into two straight lines which touch the quartic at two more 
poiute of undulation. 

The conic S,, when written out at full length, becomes 
(8Pmn - X) «" + 8mn (m'j8* + ny) 

- (16imn» + w) 7a - (leim'n + /*) *S = (10), 

but it will be more convenient to consider the discnminant of the 
conic 

(2Pifc - X) a" + 2A (m'/3» + nV) - (^mn*: - ^) ^1 

- (4«ift + k) 7« - (4imA +"/*) a^ = (11), 

which reduces to (10) when k = +»nn. 

The discriminant of (11), when equated to zero, leads to a 
quintic equation which contains & as a factor. The quartic factor 
is resolvable into two quadratic factors which furnish the equa- 
tions 

i" - SAwMi + /w/X = (12), 

4'-8ifcmn-JS;X/2i'+/tj'/\ = (13). 

Since A: = 4mn, it follows from the first equation that 

16mW = ^i//X (14), 

which in combination with (o) reduces (10) to 

m'(Xa + w9)'/»^ + n'(X«+i«y)'//t' = (15). 

If this result were admissible, (15) would represent a pair of 
imaginary straight lines touching the qaartic at a pair of imagi- 
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nary points of undulation which lie on EF; but since these lines 
intersect at the real point 

which by virtue of (5) lies on EF, this result is impossible ; hence 
the relation (14) between the constants is inadminible, and we 
must therefore consider the second equation (13). 



Writing k = 4m.n, (13) becomes 



iXmn 2? 

which by (5) may be expressed in the form 
16^mV m' . n' 



4mn + 9S (16), 



V. -^'-^ ^">- 



Now (10) may be written in the form 



also by means of (16), (13) and (5) it can be shown that 

^~8;^"r"'"l6m^j ■*" V "'" 16mnV ' 
accordingly (18) reduces to 

{('+r^0«-'»4-'l('^i6^)"-"'F-" •■■<'"• 

which is the equation of a pair of imaginary straight lines touch- 
ing the quartic at two imaginary points of undulation which 
lie on EF. 

183. The equation of the conic S may be written in either of 
the forms 

S = EF* - imn^y, 

or S = DO* + imnXmilnv, 

and consequently (2) may be written in the form 
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■where 

H ya-{ —00 = (20). 

Equation (20) will break up into two straight lines if the 
coefficient of 0y vanishes ; but we have shown that this relation 
between the constants is inadmissible. We shall therefore prove 
that either of the equivalent equations (16) or (17) resolves (20) 
into the product of two linear factors. 

Equation (16) reduces the coefficient of 0y to iX/?, from 

which it can easily be shown that (20) may be expressed in the 

form 

fmX ^ ^ y /n-X X" \' ft 

(-^. + ».^ + 3pj;7) +(-. + nT-^P^7) -0. 

which represents a pair of imaginary straight lines touching the 
qaai'tic at two points of undulation which lie on DG. 

184. It thus appears that wheo the constants are connected 
together by the relation (17), the quartic has four imaginary 
points of undulation which lie in pairs on the lines EF and D& 
respectively. In the same way if 

16f»m»n' I* m* ,„,, 

-v^-r.+;? (2^*' 

the quartic will have four more imaginary points of undulation 
lying in pairs upon DE aud FG. The coordinates of the eight 
imaginary points can therefore be found. 

Equations (17) and (21) require that i/X,±n/i' = 0. If we 
take the upper sign it follows from (6) that m=:0, which is 
inadmissible. We must therefore take the lower sigu, and we 
obtain from (5) 

2(/X = Sn/c = - to/m, 
■which by (17) and (21) give 

32i*mn = - 5\, IQlmhi, = 5^, 32im?v' = - 5v, 
which determine X, ft, v. 

185. The above arrangement of points of undulation is not 
the only possible one ; for the equati<m 

i*a* + m'/S* - nV =- 
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represents a quartic having a pair of real and a pair of imaginxuy 
points of undulation on BC and AC, and four imaginary points on 
AB. Also the equation 

oBl (Xa + mj8 + >t) = {In + m^ + n^Y 
represents a quartic having four real points of undulation on the 
line {I, m, n). 

DoiAle TangetUs. 

186. We have shown in § 180 that 

a/37U + S'.0 (1) 

ia the equation of a quartic, four of whose double tangents are the 
lines a, y3, 7, u; and that the points of contact are the intersec- 
tions of these lines with the conic 8. Let 

l. = S + lc^ (2); 

then X=0]b the equation of another conic which passes through 
the four points of contact of the double tangents and 7 with the 
quartic. Substituting from (2), (1) may be written 

^7(mt-2i5-f^7) + S' = (3). 

Since the terms in A; cancel one another when the quartic is 
written out at fiiU length, k may have any value we please; if 
therefore k he determined so that the discriminaDt of the conic in 
brackets vanishes, the latter will be the product of two linear 
factors vw, and (3) becomes 

/S7iniJ + S' = (4). 

We therefore obtain the theorem : — 

A conic can be dravm through the eight points of coniact of any 
four double tangents to a quartic. 

The discrimiaant of the conic when equated to zero furnishes 
a quintic equation for k which involves it as a &ctor. The solu- 
tion A: = reproduces the conic S, whilst the four roots of the 
quartic factor furnish four conies of the type 2. Since each of 
these five cooics passes through the four points of contact of the 
double tangents and 7, it follows that : — 

Through the four points of contact of any two d(»Me tangents 
five conies can be described, each of which passes through the four 
points of contact of two other double tangents. 
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From the table in § 158, it will be seen that all quartica 
haviDg two double points, except binodal quartlcs, cannot have 
more than four double taugentii. Hence the points of contact of 
the double tangents to all quartics, other than those of the first 
four species, lie on a conic. 

The system of conies which can be drawn through the eight 
points of contact of any four double taDgents has been discussed 
by the authorities cited below*. 

187. We have shown in § 180 that every tangent at a point 
of undulation is equivalent to one double and two stationary 
tangents ; hence every anautotomic quartic which has four points 
of undulation has twenty-four double and sixteen stationary 
tangents. To find the equations of the former, we must take 8 
as the conic inscribed in the triangle of reference, and make the 
discriminant of au — 2kS -~ k'ffy equal to zero. 

The condition for this is that k should be one of the roots of 
(12) or (13) of § 182. Let 

then the roots of (12) are 

k=p±P. 

Taking the upper sign, and using (5) of § 181, the conic can 
be reduced to 



,2n' P\ /2m' P\ 

which splits up into the factors 



If fivjX is positive iq is ima^nary, and the double tangents 
are imaginary; but if fiv/X is negative, the double tangeuts are 
real. 

The equations of the remainiug double tangents can be found 
in a aimilfur manner. 

• Salmon, Higher Plajie Curvet, Chap. vt. ; HeiM, CrtOe, Vol wjx. p. 248; 
Caylej, CrtUt, lxtui. p. 176 and ColUcted Paperi, Vol. vn. p. I2S ; Qeiser, Math. 
Am. YoL I, p. 129 ; Aronhold, Berlin. Monaliberukte, 1B64, p. 499. 
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QUARTIC CURVES. 



Singularities ai Infinity. 

1S8. When a quartic has a siDgularity at infinity, the equa- 
tion of the curve may be found in the manner explained in § 47, 
and we shall proceed to find the Cartesian equation when the 
singularity lies on the axis of x. To do this we take a triangle of 
reference whose angle £ is a right angle, and suppose the singu- 
larity at A. We then take BA and BC as the axes of x and y 
and transfonn the trilinear equations given in §g 165 and 168 by 
putting 

o = a;, y3 = 1, 7 == y, 

for since ff becomes the lioe at infinity, we may without loss of 
generality suppose it equal to unity. The equations are then aa 
follows, where U„, F„ denote polynomials in y of degree n. 

Taenode. 

Mhamphoid-c u^. 

(m + \xt/y+2mfj.if + i/'(a;Vi + 7,) = 0. 
Oatmode. 

(m + \xy+^tyy + y'(qxy + 7.) = 0. 
Taenode-ouap. 

(m + Xary + ^y + hff + Ey^ + Fy' = 0. 
Flecnode. 

Biflecnode. 

Tnple point. 

xu, + n, = o. 

Point of undulation. 

1/8, + (wy + Ay' + iBy + Cy = (i. 
where £r, = is the equation of any cubic curve, and the axis of « 
is the tangent at the point of uudulation. 

With the exception of the flecaode, biflecnode and point of 
undulation, a quartic curve cannot have more than one singularity 
of the preceding character. Hence the discussion of curves having 
a pair of imaginary singularities of the latter kind at the circular 
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8INGDLARITIES AT INFINITY. 125 

points at infinity belongs to the theory of curves of a higher 
degree than the fourth. Quartic curves having nodes or cusps at 
the circular points will be considered in the next chapter, whilst 
the investigation of the equations of quartics havii^ imaginary 
points of inflexion or undulation at the circular points may be 
left to the reader. 

189. We have shown in §§ 79 and 80 that if a curve of class 
m has a pair of nodes at the circular points, and in addition has B 
nodes and « cusps, the curve has two double foci and m + 2£ + 3K— 4 
single foci, which may however for certain values of the con- 
stants coalesce into one or more multiple foci. If however the 
curve has a pair oi Jlecnodes at the circular points, the point of 
intersection of the two inflexional tangents will be a triple focus, 
and consequently the curve will have fa + 2S + 3« — 5 single foci, 
one triple and one double focus. And if the circular points are 
bijlecmodee, the curve will have m + 2S + Sic — 6 single foci and two 
triple foci. We shall hereafter show that the Caesinian, for which 
ni = 8, S = 0, «: = 0, has a pair of triple foci and a pair of single 
foci ; whilst the lemniscate, which is a particular case of the 
Cassiniau, for which m = 6, 8 = 1, « = 0, has a pair of triple foci 
and a double focus at the real biflecnode which is formed by the 
union of the two single foci of the Caseinian. 



Binodal Quartics*. 

190, The general equation of a binodal qua^ic whose nodes 
are B and C is 

a'u + X'/S>7' + /iV'»'+>^>9' + '^7fl-0 (1). 

where u = L'a+Mff + Ny, 

v = la + mff + nrf. 

* The theory of anaatotomic qnartioB baa been oonBidered bj Zeathen in a 
Beries of memoiTB published in the MathemattKht Annalen, where a varied of 
papers by Brill, Klein and other Qerroan raathematicianE bearing on the sabjeot 
will be fonnd. UniDodal qoartioB have been diecnHsed b; W. B. W. Boberta, 
Ptoc. Land. Math. Sm. Vol. iiv. pp. 161^172; and nnicnspidal ([nartioB bj H. W. 
Biohmond, Quart. JouTn. YoL uvii. p. 6. Beterenoe ma; also be made Co The 
Fontu of Plane Quartic Curvei hj Mise Qentry, published by Robert Dmminond ot 
New Tork; to the Index of Papers, Proe. Load. Math. Soc. Vol. izz.; to Prof. 
Ci^ley'a Collected Papert; and to the papers of H. M. Jeffrey in the Quarterly 
Journal. 
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Let the lines /3 aad 7 be chosen 80 that they are two of the 
tangents to the quartic from the nodes B and 0; then 

N'-tLft, M = '2Lv, 
and (1) becomes 

Ztf (ia + 21-/3 + 2m7) + X'(8V + ><.Va» + 1%'^ + (^-ya - 0. . .(2). 
The equation of the line joining the points of contact of (8 and 
7 with the quartic is 

Za + i-^S + /*7 = 0, 

and (2) may be written in the form 
{Xj97 + B(ia + »'/S + /^)l* 

+ a^7 {(i - 2L\ - 2/ti') a + (n. - 2i-X) y3 + (n - 2V) 7I = 0. . .(3). 

The form of this equation shows that 

(i-2i\-2^i')a + (m-2yX)^ + (n-2V)7 = (4) 

is one of the doable tangents ; also since (2) is unaltered when 
the sign of \ is changed, another double tangent is 

(i + 2iX-2Mi')a + <»i + 2i'X)/3 + (n+2X/i)7 = (5). 

Equation (2) also remains unaltered when the signs of L, ft, v 
are changed ; but this would merely reproduce equations (4) and 
(6). 

Since (3) is of the form S* + uvwt = 0, the remaining six double 
tangents can he found by the method explained in § 180. If 
however the quartic has a cusp at B, m = ± SXv ; taking the upper 
sign, it follows that (4) is not a double tangent, but one of the 
tai^nta drawn from the cusp ; and the double tangents consist of 
(5) and three others. If C is also a cusp, n = 2\/*, and the only 
double tangent is given by (5). 

Trinodal Quartics. 

191. Every trinodal quartic has four double tangents, which 
will however be reduced in number if any of the oodes become 
cusps ; also since the curve is of the sixth class, only two tangents 
can he drawn from a node to the curve. The bitangential curve 
is obviously a conic. 

To fiftd the eqaoMons of the four dovble tangents and of the 

[. M. Taylor, Proe. Lond. Math. Soe. ToL rxvm. p. 316. 
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TBINODAL QTTARTICa 127 

Let the nodes be situated at the aDgular points of the triaogle 
of reference ; then the equation of the quartic ia 

X'y9V + /*Va' + »^'>3* + 2a^7(/a + m/3 + n7)-0 (1), 

which may be written in the form 

{\^ + tvfa+vttfiy + 2affy{(l-fa>)ix + (m-v\)0+(n-\fi.)y\=O 

(2), 

which shows that the line 

(i -/*!')« + (m-v\)yS + (ji-V) 7 = (3) 

is a double tangent. 

Since (1) remmn8 unaltered when the sign of any one of the 
quantities X, ft, v is changed, we obtain the equations of the three 
other double tangents by writing — X, —ft,, ~v respectively for 
X, M, •- in (3). 

The equation of the conic passing through the eight points of 
contact of the double tangents can be shown to be 

(/a + mi8 + n7)'-MV«'-»^'y3'-XW = {4), 

for if we multiply the equations of the four double tangents 
together and subtract the square of (4), it will be found that the 
resulting equation reduces to (1). 

When the quartic has three biBecnoden, l = 'm = n = (i, and the 
conic (4) is eelf-conjugate to the triangle formed by joining the 
three nodes ; and when the quartic is tricuspidal, the coefficients 
of a*, ^, 7* vanish, and (4) becomes a couic circumscribing the 
triangle in question. 

192. We shall add a few miscellaneous propositions concern- 
ing trinodal quartics. 

The six nodal tangents to a trinodal quartic touch a conic. 
From (1) it appears that the equation of the nodal tangents 
at A is 

v'^ + tty + 2l0y = O (5), 

which may be written in the form 

where ^.£V?L^?. = | <6). 
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The tangential equation of a coaic iB 

Pf + Q.?'-t-iir' + 2?»;f+295|+2rf9-0 (7), 

where (f, t), ^) are tangential coordinates. To find the condition 
that (5) should touch (7), put f =» 0, and (7) becomes 



whence 






.a.e" 

J! u" 






bj(6). 


Hence if we take 










P/v-Qlf 


■-B/IJ. 


—Pit — qh 


r» — 


r/», 


the conic (7) becomes 












Vp + ,iV 


*,ff-ilv(-2mSl- 


.2»f, 


-0 ( 



(8), 

which is the equation of a conic touching the sis nodal tangents. 
By § 71 equation (8) when expressed in trilinear coordinates 
becomes 
(mV -?)«' + (kW - m>) ^ + ( W - »') 7* 

+ 2 (mw + X";) /Sy + 2 (ni + /i*m) 7« + 2 (?m + 1/^) ayS = . . .(9). 

Ejquation (9) may also be expressed in the form 

where 

A;' (\>V - iV - mV - nV - 2imn) = 1 , 

which shows that the term in brackets is the chord of contact. 
The equations of the other chords of contact can be obtained in a 
similar manner. 

When the nodes are bifiecnodes, { = m = n = ; and the conic 
is self-conjugate to the nodal triangle, and becomes identical 
with (4). 

When the three double points are cusps, 1 = fiv &c., and the 
coefficients of a*. /S*, 7* vanish. This requires that XV = m» &c ; 
whence the curve becomes 

/S7/i + 7a/m + aj8/n = 0, 

which represents a conic circumscribing the nodal triangle. 
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1 93. From each node of a trinodal quartic two tangmts can be 
drawn to the curve, and these six tangents touch a conic. 

Let ff = hyhe ooe of the taageats drawn to the quartic from 
the node A. Substitute in (1), divide out by 7* and express tbe 
condition that the resulting quadratic in 0/7 should have equal 
roots ; this gives a quadratic equation for k, and on substituting 
0/y for k we obtain 

(XV -m?)^+2 (K* - mn) ffy + (XV - n*) 7* = 0, 
which is the equation of the two tangents drawn from the node A. 

Let o", = f(.V — i*, o", = 1^' — m', ff, = \*/A* — n' ; 

then proceeding as in § 192 we shall find that the tangential 
equation of the conic which touches tbe six tangents is 

(Tso-af + (^jffiV + "■!<'■»?' + 20-1 (mn — 1\') ^i^ 

+ 2ff, (td ~ m/i-') ff + 2<r, (Im ~tui')^ = 0, 
and the triUnear equation is 

o-i'XW + iT^W^ + c.'iV + 2/ff^,/37 + 2mo-,o-i7a + intriujtff = 0. 

194. The foUowiog additional properties of trinodal quartics 
may be mentioned *. 

(i) The six points of inflexion lie on a conic. 

(ii) The six points of contact of the tangents dravmfrom the 
nodes lie on a second conic. 

(iii) The six points in which the nodal tangents intersect the 
quartic lie on a third conic 

(iv) The three conies pass through two points P and Q on the 
quartic, which lie on the conic 

XH^y + /j.Hnja + t^aff = 0. 

We shall prove the third theorem as an example of the mode 
of dealing with such questions. 

If in (1) we choose three new coordinates a', /?', y' such that 
a/X = a', &c., and then change the constants l,m,n; the equation 
of a trinodal quartic may be written in the form 

a*(0' + y'+ I0y) + 0y{0y +a{m0 + ny)] = O. 

* Brill, Math. AnnaUn, Vol. m. p. 90 ; im. p. 17S ; F. Meyer, ApolaHtdt und 
BationaU Carvea, pp. 283 — 7. 
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130 QUARTIC CURVES. 

which shows that the nodal tangents at A, whose equation is 

^ + 7' + 'y37.0 (10), 

intersect the quartic at the two points D, IX where it is cut by 
the conic 

fiy + a(mff + ny) = (11). 

This conic circumscribes the triangle of reference, and there- 
fore passes through the three nodes which naake up the remaining 
six points of intersection of the conic and the quartic. 

From (10) and (11) it can be shown that the equation of the 
line Diy is 

k,a + 0/m + 'Yln=O (12), 

where k, = m/n + n/m ■- 1 (13). 

By cyclical interchanges of the letters (a, /3, 7) and (I, m, n) 
the corresponding results for the nodal tangents at B and G and 
the corresponding points of intersection E, E' and F, F' can be 
obtained. 

The equation of the quartic may also be written in the form 
(/3' + 7' + i/37)(y + a' + mTo) - 7= [7' + i/37 + m^a + (fm - n)a;3| = 

(14)> 

the first term of which is the product of the equations of the 
nodal tangents at A and J5, The form of (14) shows that the 
conic 

rf + l0y + m^a + (lm-n)a^ = O (15) 

passes through the points of intersection D, 1/ and E, E' of the 
nodal tangents at A and B respectively; accordingly we obtain 
the following theorem ; — 

A conic can be described through any two twdes of a trinodal 
quartic and the four points at which the tangents at these nodes 

intersect the quartic. 

Let S = (P. Q, R. P\ C. R%a. ^,yy = (16) 

be the equation of the proposed conic which is assumed to pass 
through the six points D, B"-; E, E'; F, F' in which the nodal 
tangents at A, B and C intersect the quartic. Then the equation 

S + (i,« + /3/m + 7W(a/i + i^ + 7/n) = (17) 
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represents any conic which passes through D, IX; E, E'i This 
conic may therefore be made to represent (15), in which case we 
must have 

P = -hll, Q = -k^m (18), 

R + l/n' = (2P- +l^n + llmn)/l = (2Qf + k,/n + l/foi)/m 

= {2R' + k,k, + i/lm)/(lm-n) (19). 

If the conic passes through the two points F, F' it must be 
possible to make the equation 

ti8 + (all + k^ff + yln)(a/l + ^/m + k^) = (20) 

represent the conic 

ce + (mn-l)ffy + 7n'ya + na^ = <i (21), 

which by virtue of (15) is the conic which passes through E, E' ; 
F, F' ; 'B, C. Comparing (20) and (21) we obtain 

/* = !, Q = -hjm., R = -k^n (22), 

P + 1/i' = (2P' + A^, + llmn)!{mn -l) = (2Q' + k^jl + l/^«)/m 

= {2R + k^jl + \llm)ln (23). 

Ek[uatioDS (19) and (23) are six equations for determining 
three quantities P,^,K \ but on solving them it will be found 
that they are capable of coexisting, which shows that a conic S 
can be described through the six points D, U ; E, E' ; F, F'. 
The values of P, Q, R are determined by (18) and (22), and by 
Bolviug (19) and (23) and taking account of the values of k,, k^, k, 
determined by (13), we shall obtain 

^P'-l-]-— (21), 

with symmetrical expressions for Q, Rf. The conic is therefore 
completely determined by (16), (18), (22), and (24). 

195. Since a real crunode reduces the number of real points 
of inflexion by two and the number of imaginary ones by four, 
whilst a conjugate point or an imaginary node reduces the number 
of imaginary points of inflexion by six, the number of real and 
imaginary points of inflexion of any given trinodal quartic can be 
written down. The same can also be done in the case of quartics 
having three double points, some o/ which &re cusps. 
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196. A tricuspidal quartio is the reciprocal polar of a uodal 
cubic, from which it follows (i) that the three cuspidal tangents 
intersect at a point ; (ii) that such a quartic has only one double 
tangent, which must be real ; (iii) that its points of contact are 
real when two of the cusps are imaginary, and imaginary when all 
three cunps are real. It follows from (1) and (2) that when all 
three cusps are real 

1= ± fiv, Tn = ±v\, n= ± Xfj,, 
whence the cuspidal tangents are 

fiy = v^, va = X/y, X/S = fj-t, 
which meet at the point 

aj\ = ^jfi = fjv, 
whilst the quartic is reducible to the form 

±(V«)*±W^)'±W7)'-o. 

The two most interesting quartics of this species are the 
cardioid and the three-cusped hypocycloid, whose properties will 
be discussed in Chapters X. and XI. It will further be shown in 
Chapter XII. that any tricuspidal quartic can be projected into 
either of these curves. Hence a detailed discussion of tricuspidal 
quartics is unnecessary, since all their projective properties can be 
deduced from the known properties of the above-mentioned two 
curves. 
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CHAPTER IX. 

BICIRCULAR QUARTIC8. 

197. A CLASS of quartics, which include a variety of well 
known curves, possesses a pair of nodes or a pair of cusps at 
the circular points at infinity. The former class belongs to 
species IV., VII. or VIII. and are called bicircviar quartics; 
and the latter to species VI., IX. or X., and are called cartesians 
because the oval of Descartes was one of the first curves of this 
kind which was studied. 

198. To find the equation of a bicircidar guartic. 

The general equation in trilinear coordinates of a quartic 
having a pair of nodes at B and C is 
te (Za + JtfjS + iPV) + X/9V + /*7V + oa'/S* + ayS7 (^ + m/3 + n7) = 

(D- 

In this equation the quantities a, 0, y may be any real or 
imaginary straight lines. If, therefore, we suppose that B and C 
are the circular points at infinity and that A is the origin of 
a pair of rectangular axes, we can transform (1) into Cartesian 
coordinates by putting 

a = I, $ = x + iy, y = x-ttf (2), 

and (1) becomes 

I*{LI+(M -^ N)a: + iiM- N)y] +X{ai' + y'y 

+ l(^ + y')[ll + (m + n)x + t(m-n)y] = (3). 

Changing the constants so that i{M — N), i.{ii — v), lim — n) 
are represented by real quantities, (3) may be written in the form 
<ai^ + y»)'wB + (a!»+'/*)tt. + «,+ tf, + v, = (4), 
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where a^, f» are binary quantics in x and y. Equation (4) may 
also be written in the form 

S' + lT = (5), 

where S i8 a circle and U a conic ; or in the form ' 

S' + UP-'O (6), 

where S and tl have the same meanings and / is the line at 
infinity. 

Equation (6) shows that the conic U and the line at infinity 
/ have a contact of the first order with the quartic at the points 
where it ia cut by the circle 8; and that this circle also has 
a contact of the first order with the quartic at the two points 
where it intersects the line at infinity. The conic U touches 
the quartic at the four points where S and U intersect; but 
the contact of the circle and the line at infinity with the quartic 
arises from the fact that both pass through the circular points, 
which axe nodes on the quartic. 

199. To find the equaiion of a cartesian. 
The equation 

+ k^^y' = <7) 

represents a quartic having a pair of cusps at B and G. 
Transform this equation by means of (2) and then put 
\ + p=p, t{X-v) = g. 
and it becomes 

+ 2pqxtf + 2^(ji' + i/'')} + I'(LI + Px + Qy)=0. 
Let 

/p/fc-a, Iqlk^b, /'{2/t-J(i'' + 9'»/*'=2c», 
and the equation may be written in the form 

(a? + ^ + ax + byy+2(?iafl + f) + P(LI + Px + Q^)lie' = 0, 
which is the same as 

(a^ + f + ax + bif + d^y ^■Ax + Bi/ + C = 0. 
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Tbe equation of a carteeian may therefore be written in either 
of the forme 

S' + u=0 (8), 

or S' + l*u = (9), 

where iS is a circle and u is a straight line. The form of (9) 
shows that the line t( = ia the only double tangent which the 
curve can have; and also that the circle 8 has a contact of 
the second order with the curve at each of the circular points 
at infinity. 

200, Bicircular quartic curves have formed the subject of an 
exhaustive memoir by the late Dr Casey*, from which most of 
the present chapter will be taken. He first of all shows that the 
quartic may be generated in the following manner: — 

If OT be the perpendicular from any fixed point on to the 
tangent at any point Q of a fixed conic ; and if two points P, P" 
be taken on OT suck that TP = TF, and 

OT*-PT* = S' (10), 

where B ia a constant, the lociis of P and P" is a bidrcula/r 
quartic. 

When the fixed conic is an ellipse or hyperbola, the quartic 
has two nodes ai the circular points at infinity; when the conic 
is a circle, the d,rcular points are cusps and the quartic is a car- 
tesian; and when the conic is a parabola, the curve degenerates 
into a circular cubic. 

Let ET be the perpendicular from the centre £ of the conic 
on to the tangent at any point Q. Let {f, ff) be the coordinates 
of referred toE; (x, y) those of P referred to 0. Let OP = r, 
E7 = p,TEX = 4>. Then 




OZ'=jp— /cos 1^ — 3 sin 0, 
PT=r-OT. 
* Tran*. H. I. A. Vol. uiv. p. 457. 
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also by (10) 

whence r" + 2/a: + 2^^ + S* = 2rp (11). ' 

Now p' = a' cos* (^ + 6* sin' <}), " 

whence (11) becomes 

(r^+2fij:+2gy+S'y = i{a?af + b!'f) (12), - 

which by (5) ia bhe equation of a bicircular quartic. 

When the conic ia a circle, a = b, and (12) may be put into 
the form 

(H + 2fa +2gt, + S'- 2a')' = +a' (a' - 2/a: -2gy-S>).. .(13), 
which ia the equation of a cartesi&n. 

When the conic is a parabola whose focus is E and vertex X, 
p = asec0, and (11) becomes 

x{r' + 2/a; + 2g}/ + &) = 2ar' (14), 

which is the equation of a circular cubic. 

The 6xed conic ia called the focal conic because, as will 
be shown hereafter, it passes through four of the foci of the 
quartic. 

If the quartic (12) be inverted from with respect to a 
circle of radius B, it is inverted into itself Hence is called 
a centre of inversion, and the circle whose centre is and radius 
B ia called a circle of inversion. We shall hereafter prove that, 
in- general, a bicircular quartic has four centres and four circles 
of inversion. 

Equation (12) contains live independent constants; and if the 
origin be transferred to any arbitrary point and the axes be 
turned through any arbitrary angle, three more constants will 
be introduced. Hence the general equation of a bicircular quartic 
contains eight constants, and that of a cartesian seven. 

201. The inverse of a bicircular quartic is another bicircular 
quartic unless the centre of inversion lies on the curve, in which case 
it is a tnrcular cubic. 

The general equation is of the form 

t'Vo + VVi + Kj + M, + ((„ = (16), 
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the inverse of which with respect to the origin is obviously 
a curve of the same form. If, however, the origin is situated 
on the curve, «o=0, in which case the inverse curve reduces to 
a circular cubic. 

a02. Bicircular quartics and cartesians may be divided into 
two classes according as the curve has two or three double points. 
In the latter case the curve is the inverse and also the pedal of 
a conic with respect to some point in its plane, which is the 
third double point of the quartic. That a bicircular quartic 
having three double points is the inverse of a conic, can be at 
once shown by taking the third double point as the origin, in 
which case (15) reduces to r*tt^ + i!'Vi + it, = 0. the inverse of which 
is a conic. We shall now prove that : — 

The inverse of a conic ■with respect to any point not on the 
curve is a bicircular quartic having a third double point at the 
centre of inversion; and this point will be a node, a cusp or a 
conjugate point according as the conic is a hyperbola, a parabola 
or an ellipse. 

The equation of a central conic referred to any point (/, g) as 
origin is 

a' 6* ' 

the inverse of which is 

i.g + g) + 2;f^(-§ + f) + (^' + g-l)r..0...(16), 

and the origin will therefore be a node or a conjugate point 
according as the conic is a hyperbola or an ellipse. When the 
conic is a parabola, the equation of the curve ia 

(y + gy=4.a(^+/) 
and the inverse curve is 

lc'y'+2k'T^{gy-2ax)+(g'-4ia/)r* = (17), 

and the origin is a cusp. 

203. When the centre of inversion is the focus of the conic 
the quartic becomes a cartesian, which is called a limatjon when 
the conic is an ellipse or hyperbola, and a cardioid when the 
conic is a parabola. When the centre of inversion lies on the 
curve, the quartic degenerates into a circular cubic. We have 
also shown in § 170 that the lemniscate of Bernoulli is the only 
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trinodal quartic which poaeesses a pair of biflecnodes at the 
circular poiots, in which case the conic is a rectangular hyper- 
bola and the centre of inversion is the centre of the hyperbola. 
It only remains therefore to consider the case in which the qiiartic 
has a pair of Jlecnodes at the circular points. 

Ek)uatioD (5) of § 169 is the equation of a trinodal quartic 
having a pair of flecnodes at B and C. Putting a = I, ^ = x+ty, 
'i = w — iy, it will be found that in order that the resulting 
curve should be real, we must have / (p + 5) = 1 ; whence, putting 
Ijnq = A, Iq — B, the equation of the curve becomes 

(a? + fy+2Ax(^ + f) + A'B{(_S-2B)ai'-(l-2B)}/*\=0, 
which is the equation of a bicircular quartic having a pair of 
jlecnodes at the circular points. The origin will be a cusp 
when 2B = 3; but if 25 = 1, the curve degenerates into the 
square of a circle. 

Comparing the last equation with (16), we find that the 
centre of inversion is given by the equations 
/'(a'-6') = (a'+6')>. 5^ = 0, 
hence this point is determined by the following construction. 
from either focus draw an ordinate cutting the director circle 
in P, and let the tangent at P intersect the transverse aids of the 
conic in T, then T is the required point. 

When the conic is a parabola, the equation of the quartic is 
{a? + y^f + 2Ax (fl^ + 1/») + 3A*f = 0, 
and the point T lies on the opposite side of the directrix at a 
distance equal to that of the focus. 

204. The pedal of a central conic vnth respect to any point 
in its plane is a bicircular quartic having a third double point 
at the origin, which is a node, a cusp or a conjugate point ac- 
cording as the origin lies without, upon or within the conic; but 
the pedal of a parabola is a circular cuhic. 

The pedal of a central conic with respect to any origin, whose 
coordinates with respect to the centre are (/, g), is 
(r'+/c + jry)' = a'a:»+6'y'. 

The origin will accordingly be a node, a cusp or a conjugate 
point according as 

/>/«' + 5-/6' > or = or <1. 
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The pedal of a parabola is 

which is ft circular cubic. 

We also observe that in both these cases S = 0, 

205. The preceding methods are not the only ones by 
which a bicircular quartic can be generated. We shall now 
show that: — 

A biciradar quartic is the envelope of a variable circle whose 
centre moves along a fixed conic, called the focal conic, and which 
cuts a fiaed circle orthogonally. 

In the figure to § 200, describe a circle whose centre ia Q 
and which passes through P and P*. Then, since (10) may be 
written in the form OP . OP" s= S', it follows that the tangent 
from to this circle is constant and equal to the radius S 
of the fixed circle. Hence, if with as a centre a circle of 
radius S be described, this circle will cut the circle^hrough ^ 
)d^P' orthogonally. 

Let Q" be a point on the conic near Q ; then Q' may be 
■;:^ regarded as lying on the tangent at Q. Hence, if a circle be 



d escribed throagh ^ PP', PP" will be the" radical axis of the 
two circles, and both will be cut orthogonally by the fixed 
i-y circle. Hence P and P' will be the limiting positions of the 
points of intersection of the two circles, and therefore the quartic 
is the envelope of the moving circle. 

The moving circle is called the generating circle; whilst by 
§ 200 the fixed circle is the circie of inversion. 

206. If through the centre of inversion any chord be dtxiwn 
and P and P' be the two inverse points of intersection, the locus 
of the points of intersection of the normals to the quartic at P 
and P" is the focal conic. 

Let OT = p, OP = r, ^ the angle which the tangent to the 
quartic at P makes with OP; then 



'^•.' Q, 



tan-^ 



d^ r dp d^ 
dr p dr ' " dp 
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But 
whence 



BICIRCULAR QUARTICa. 
dp_PT 



Accordingly tan i^- = PTjQT = tan PQT, 

whence PQ and P'Q are the normals at P and P". 

207. If a chord be dravm from a centre of inversion to meet 
the qvartic in P aiid P*, the locus of the point of intersection of the 
tangents at P and P' is a trinodal quartic, having three biflecnodes 
at the angular points of the triangle which is self-conjugate to the 
circle of inversion and the corresponding focal conic. 

From the last propoaition, it foUows that since QP, QP" are 
the normals to the quartic at P and P", 
the tangents at these points are also the 
tangents to the generating circle whose 
centre is Q, and will therefore intersect 
at a point Q" which lies on the tangent 
at Q to the focal conic. Draw (^M 
perpendicular to OM ; then since the 
points QPQMP' lie on a circle, 
° OM.OQ=OP.OP' = &, 

and therefore ^M is the polar of Q with respect to the circle of 
a S. 




Let the circle of inversion and the focal conic be referred to 
their common self-conjugate triangle ; and let (f, ij, f) be the 
coordinates at Q. The equation of the circle of inversion is 

aa» cos .4 + 6^ cos £ + ct" cos P = 0. 

and that of the focal conic is 

\a* + ft.^ + irf = 0. 

Since Q'M is the polar of Q with respect to the circle of 
inversion, its equation is 

oaf cos A +6/9ijcosfi+cyfcos (7 = 0, 

and the equation of QQ^ is 
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Eliminating (f, yf, f) by means of the equation of the focal 
conic, the locus of Q* is of the form 

P/a» + Q//9' + ii/y=0, 

which is the equation of a quartic having three bifiecnodes. 

208. Every bicirctdar quartic can be expressed in the form of a 
ternary quadric of U, V, W,wkere these qitantities are the equations 
of three circles. 

By means of a linear tranaformation any ternary quadric can 
be reduced to the sum of three squares; hence the equation in 
question may be written in the form 

lU* + mV* + nW' = (18). 

Now [r=r* + Mi +w«&c; whence substituting in (18) it will be 
found that the equation reduces to (4). 

209. We shall now examine the relations of the fixed circle 
to the focal conic. 

The equation 

\U + ^tV + i'W = (19) 

obviously represents a circle; and it can be shown by the usual 
methods that (18) is the envelope of (19), where (X, /*, v) are 
subject to the condition 

X'/l + fj.'Im + vVn^O (20> 

Let the vertices A, B, G of the triangle of reference be the 
centres of U, V, W; then the distances of their centres from BG 
are 6 sin C, 0, ; whence the distance of the centre of (19) from 
BG is X6 sin G/(\ + /t + n). Accordingly if a, A 7 be the trilinear 
coordinates of the centre of (19) 

aalX = b^lfi = cy/v (21). 

Substituting in (20) it follows that the centre of (19) lies 00 
the curve 

a^yi + b^^lm + (^'ln^O (22), 

which is a conic to which the triangle whose vertices are the 
centres of If, V, W ia self-conjugate. 

210. We shall now prove that the circle which cuts U, V and 
W orthogonally, cuts (19) orthogonally. 
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It is known from the geometry of the circle, that the radical 
axes of any three circles intersect in a point which is called the 
radical centre uf the three circles ; and that the tangents drawn 
from the radical centre to each of the three circles are equal. 
Hence the circle whose centre is the radical centre and whose 
radius is equal to any one of the tangents to the three circles cuts 
each of them orthogonally ; also if any number of circles have a 
common radical centre, a circle can be described cutting each of 
them orthogonally. 

Let 8 be the circle circumsciibing the triangle of reference ; 
then we may write 

F = S +(/,« + m,^ + ?i,7) /, 

with similar expressions for Fand W. Whence the radical axes 
of Ua.t^V,V and W, F" and t7 are 

(ii - i,) a + (m, - in,) /9 + (n, - n,) 7 = 0, &c, &c. 
The radical axis of U and (19) is 

[/* </i - 's) - v ('a - ^)! a + 1/t (m, - 77h) - v (m, - m,)} j8 

+ |>t (re, - Jia) - c (n, - n,)} 7 = 0, 

which obviously passes through the radical centre of U, Fand W. 
Hence the circle which cuts U, V, W orthogonally cuts (19) 
orthogonally. This circle is therefore the circle of inversion, the 
circle (19) is the generating circle, whilst the conic (22) is the 
focal conic. 

211. It is shown in treatises on Conies, that if a circle and a 
conic intersect in four points P, Q, R, S; and if 8P, RQ intersect 
in A ; PR. QS in B; and PQ, SR in 0; the triangle ABC is 
self- conjugate to the conic and the circle, and the orthocentre of 
ABC is the centre of the circle. If therefore the radii of the 
circles U, V, W he chosen so that the orthocentre is their radical 
centre, the circle through P, Q, R, Swill cut (19) orthogonally. 
Accordingly the former circle is the fixed circle or circle of inver- 
sion, whilst (19) is the generating circle ; hence the quartic may 
be generated in a third manner: — 

Let the focal conic cut the circle of inversion in P, Q, R, 8; 
let 8P, QR intersect in A ; PR, SQ in B; PQ, SR in G. With 
A, B, C as centres describe three circles fT, V, W, whose radii are 
such that the orthocentre of ABC is their radical centre ; then the 
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quartic is the envelope of a variable circle whose ceutre liea on 
the focal conic and which cuts the circle of iDversioQ and also the 
three circles U, V, W orthc^onally, and its equation is 

We have shown in § 75 that a focus of a curve may, be 
regarded as an indefinitely small circle which has a double contact 
with the curve ; from which it follows that the four points P, Q, 
M, S in which the focal conic intersects the circle of inversion are 
foci of the quartic For this reason the conic in question is called 
the focal conic. ~~ 

212, When the circle of invasion touches its corresponding 
focal conic, the point of contact is a node on the quartic ; and when 
it osculates the focal conic, the point of contact is a cusp. 

Let the circle and the focal conic touch at R; let p be the 
perpendiculaj* from E the centre of the conic on to the tangent at 
B; ED the diameter conjugate to ER; -^ the angle which the 
normal at R makes with the major axis of the conic Also let 
(f, ij) be the coordinates of R referred to E. 

The equation of the quartic referred to as origin is given hy 
(12). If therefore we transfer the origin to R, and recollect that 
f=^+Scos-^, 1) =^ g + S din -^t fcos-<^ + gshi'^=p — B, 
a' cos -^ =pf , 6" sin ■^ = pri, 
(12) becomes 

(r" + 2x^ + 2y7, + 2pBy = 4 {aW + 6y + 2pS (a;f + yi,) +p'S']. 
The terms of lowest dimensions are 

a?(^+pS-a^) + f {?,■'+ pB~b') + 2x1/^, 

and consequently the point of contact is a double point. The 
condition that this should be a node, a cusp or a conjugate point 
will be found on reduction to be 

Ely > or = or < pS. 

Now when ED^ = pB, B is the radius of curvature at the origin 
R ; wheuce the point of contact will be a cusp when the circle of 
inversion osculates the focal conic 

The point of contact R must obviously be a real point, other- 
wise the quartic would have three imaginary double points; hence 
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the two foci which coincide at R must be real foci. We thus 
obtain the following theorem : — 

When a bicivcular quartic has a real node, the latter arises from 
the union of two real single foci; and when it has a real cusp, the 
latter arises from the union of three real single foci. We shall 
have examples of this in the case of the lima9on and the cardioid. 

When the circle of inversioD has a double contact with the 
focal conic, each point of contact will be a double point on the 
quartic, which together with the circular points at infinity make 
four double points. Since this is greater than the maximum 
number, the quartic must bi-eak up into two conies each of which 
passes through the circular points at infinity, and must therefore 
be circles. 

213. Before proceeding further with the theory of bicircular 
quartics, it will be desirable to consider certain geometrical pro- 
positions connected with the circle. 

Let ABC be any triangle, its orthocentre ; then 
(i) The triangle formed by joining any three of the four points 
A, B, C and has the fourth point for its orthocentre. 

(ii) The four triangles thus formed have a common nine-point 
circle. 

For the points D, E, F are the feet of the perpendiculars 
drawn from the angles of each of the four 
triangles on to the opposite sides; and the 
nine-point circle is the circle circumscribing 
the triangle LEF. 

(iii) Each, point is the centre of the circle 
to which the triangle formed by joining the 
remaining three is self-conjugate. 

(iv) The four circles, to which the four 
triangles are self-conjugate, cut one another 
ortfiogonaUy. 
Let B, r,, r,, r, be the radii of the four circles to which the 
triangles ABC, OBC, OCA and OAB are respectively self-conju- 
gate. , Then since A is the pole of BC with respect to the circle 
to which the triangle ABC is self-conjugate, 

fl" = 0-0 . OA =- 4il' cos j1 cos S cos C, 
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where R ia the radius of the circle circumscribing ^S(7. Similarly 

r,* = 4i? coaBaiaCBmA, 
I-,' = iR? cos C aia A sin B. 
But OA' - S* " iB* cos A (cob A + COB B cos C) 
= 45" C08 j1 sin -B sin C = r,'. 
Similarly 05'-S* = r,', 

which shows that the circle whose radius is S cuts each of the 
circles whose radii are r,, r,, r, orthogonally. In the same way it 
can be proved that each of the other four circles cuts every other 
one orthogonally. 

(v) The radical aade of any two of the four circles passes 
through the centres of the remaining two. 

The radical axis of two circles is perpendicular to the line 
joining their centres ; also since the tangents to the two circles 
from any point on the radical axis are equal, it follows that if from 
any point on the radical axis as centre a circle be described whose 
radius is equal to the tangent from this point to either of the two 
circles, the last-mentioned circle will cut the first two orthogonally. 
Hence the radical axis of the circles whose centres are A and B 
passes through the points and C. 

214. To find the equations ofthef<mr circles. 

Let S = 0, IT'^O, F=0, F = be the equations of the four 
orthogonal circles whose centres are 0, A, B and 0. Since ABG 
is self-conjugate to S, 

S = aa?coa A + 1^^ COB B+cy' cos C, 
also since the sides of the triangle of reference are the radical axes 
of jS and V, V, W respectively, 

U=S-laI, V = S-m^I, W = 8-11-^1 (23), 

whence let — myS = 0, m^ — 117 = 0, nr^ — la^^O 

are the radical axes of U and V, V and W, W and U respectively. 
But these are the equations of CF, AD and BE; whence 
IsaaA s=msec5 = nsec(7=ii, 
B. C. 10 
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and (23) becoraea 

U==S-kIacoaA &c. 

The constant k U determined from the fact that the point A is 
the centre of U, and therefore the pole of the line at infinity ; 
whence i - 2 and (23) becomes 

U = S-2IaQosA\ 

F=S-2/;8co8s[ (24). 

W = S-2Iyco»C} 

215. If\, /jt, V be variable parameters, the circle 

cuts the circle S ortkoffonally. 

The radical axes of any three circles intersect at the radical 
centre ; and &oni this point as centre a circle S can be described 
cutting each of the three circles orthogonally. Also if a fonrth 
circle be described, such that the radical axis of the latter and 
any one of the three circles passes through the radical centre, 
this circle will be cut orthogonally by iS. Hence the circle 
\U + fiV+vJV=0 will be cut orthogonally by S, provided the 
radical asis of itself and V passes through 0. Now 
\U + nV+vW=i\ + fi + p)S-2I{\ac03A + ti.ficosB+pycoaO), 
and the radical axis of this and U is 

— (/I + 1*) a cos .4 + /iy3 cos j5 + 1^ cos C = 0, 
which obviously passes through the point 0, where 
a cos A = ff cos B = y cos C. 
From (24) it follows that the equation of a bicircular quaitic 
may be expressed in the form 

I (S - 2IcLcosAy + m{8- 2/^cosB)' 

+ n(S-277C08C)' = (25), 

which shows that the quartic passes through the two circular 
points at infinity. 

The condition that the focal conic (22) should be a parabola ia 
that ? + m + n = 0, in which case (26) becomes 
S(la cos il + ni/9 cos B + ny cos C) 

= / (la' cos" A + m^ cos= B + wy* cos' C), 
which is the equation of a circular cubic 
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Centres of Inoersitm. 

216, If the centre and radius S of the fixed circle whoae 
centre is be taken as the centre and radius of inversion, it 
follows fi-om (12) of § 200 that a bJcircular quartic is inverted 
into itself. We shall now show that the vertices A, B, G of the 
triangle, formed by the intersection of the diagonals of the quadri- 
lateral whose angles are the points where the focal conic intersects 
tbe &sed circle, possess the same property ; and that the radii of 
inversion in the three respective cases are the tangents from A, B 
and C to the fixed circle, that ia to say the radii r,, r„ r, of the 
circles U, V, W. 

Let A be the origin, and AB the axis of ir of a Cartesian 
system of coordinates ; then 
17 = ai* + y' - r,', 
r = ic* + y» - 2ca: + c* - 7■,^ 
W = x? + p'— 2bx cos 4 - 2by sin j1 + 6* - r,'. 
But from § 213 

c" - r,« = ilf sin (sin - sin A cos B) 
= iJi" sin C sin B cos A = r,'. 
Similarly 6* — r,' = rj', 

whence if U', V, W denote the inverses of these circles when the 
radius of inversion is r,, we have 

r'U' = -r^V'; r»F' = n»F; r'W'^n'W; 
which shows that the inverse of the quartic is the same curve as 
the original quartic. 

Focal Conies and Foci. 

217. We have shown that tour of the foci of a bicircular 
quartic are the intersections of a circle of inversion with its 
corresponding focal conic. We shall now prove that the quartic 
can be generated by taking any one of the three circles U, V or 
W as the fised circle, and a conic confocal with the original conic 
as the focal conic. The intersections of these three circles with 
their respective focal conies furnish twelve more foci, making 
altogether sixteen. 

10—2 
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In the figure to § 200, let (f, g) be the coordmates of the 
centre A of the circle U referred to 0, and (/,, g^) of A referred 
to E ; also let (f , ij) be current coordioales referred to A, the axes 
being parallel to those of the focal conic. Then 

«-?+/'. y = v + g' I 

A=f-^f'. 9^=9 + 9') '" 
Also let 

P-ff+m+S' 1 ™, 

S,.p + ,' + 2/.£+2j,, + r,-; > "■ 

where AO' = r^ + S". Then (12) can be transformed into 

(S, + 2P)- - 4 («■({+/-)■ + S- (■?+ J'W. 
or S,'-4|p(«'-P) + ,M»'--P) 

+ 2f (aT - P/,) + 2, W - Pj.) 

+ o'/'' + %'-i'r,'-P'| (28). 

The equation 

(fi&- + (ijyt)* _ 1 + X |(f +/■)■ + (,+ J? - 8-1 - 

represents a conic passing through the points P, Q, R, S in which 
the focal conic intersects the circle of inversion ; and by suitably 
determining X this conic may be made to represent the two 
straight lines AP, AQ. Since A is the origin, we must deter- 
mine \ from the conditions that the coefficients of f and jj and 
also the absolute term vanish, which give 

-^^ + X/' = (29), 

|' + V = (30), 

■J. + f;-l + '^</'' + J7''-S') = (31)- 

Multiplying (29) and (30) hy/i,9i, adding, and taking account 
of (31) and the first of (27) we obtain 

\P + 1=0 (32), 

whence (29) and (30) become 

PA-aY' = 0, Psi,-b^ = (33), 

which show that the coefficients of f and ij in (28) vanish. 
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Again from (33) 

oy + j-s-'-PC/y, +?-!,.) 

and Pr!-P(AO'-») 

-P<J"+9"-^ 
whence aff + Vg-'-Pr^'. P{ff +gg +») 

-p; 

whicb shows that the ahsolute term in (28) vanishes. Hence the 
equation becomes 

S!.i[fl.a>-P) + ,f(ff-P)\. 
Comparing this with (12), it follows that the quartic can be 
generated as the envelope of a variable circle which cuts the circle 
U orthr^onall}), and whoae centre moves on the conic whose 
equation referred to the centre and axes of the original conic is 

which is coiifocal with the original conic 

218. When any of the points of intersection of one of the 
four circles of inversion with its respective focal conic are 
imaginary, the corresponding foci will be imaginary ; also if the 
circle touches its focal conic at one point, the point of contact will 
be a double focus ; and if the circle osculates the conic, the point , 
of contact will be a triple focus. It also follows from § 76 that 
the sixteen foci cannot all be real ; for bicircular quartics, with 
only two double points, are quartics of the eighth class, and con- 
sequently by § 79 possess two real double foci, and four real single 
ones, which may however unite into one or more multiple foci. 
Cartesians on the other hand are curves of the sixth class, and 
therefore by § 80 possess one real triple focus and three real 
single ones. 

219. The form of equation (12) of § 200 shows that the lines 
drawn through the centre of the fixed circle which are parallel 
to the asymptotes of the reciprocal of the focal conic are one pair 
of double tangents, and that these will be real or imaginary 
according as the focal conic is a hyperlwla or an ellipse, and the 
results of § 217 show that the remaining three pairs of double 
tangents are parallel to the asymptotes of the reciprocals of the 
other three focal conies. The preceding theorem will, however, 
require modification when the quartic has a third double point. 
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220. The foci of the focal conic are the double foci of the 
quartic. 

In (12) of § 200 write ^ = x + iy, y = x — iy, and make the 
resulting equation homogeneous by mnltiplying each term by the 
proper power of a ; then the equation 

(;S7 +/« (^ + 7) - *?« (^ - 7) + S-a? = «^ [a' (^ + tV - *" (^ - 7)*} 
represents a quartic having a pair of imaginary nodes at the 
points B and C of the triangle of reference. 

The nodal tangents at B and C are 

(y+fa-iffay = ia'-b')a' 

and (/9 +/a + igaf = (o' - 6") a'. 

Retransforraing to Cartesian coordinates and putting a = l, it 
follows that the nodal tangents at the two circular points are 

a:+ftae-i(y + g) = 0. 
x+f±a^+i(y + g) = 0. 
which intersect at the two real points 

ai = a£~f, y = -g, 
x = -Q,e-f y = -g. 

These are the coordiaates referred to of the foci of the focal 
conic, and therefore, by § 79, these points are the two double foci 
. of the quartic. 

Putting e = 0, it follows from § 200 and the preceding para- 
graph that when the focal conic reduces to a circle, the centre of 
the latter is the triple focus of a cartesian. 

221. If r,, 7-2, r, be the digtancea of any point on a bicircular 
quartic from any three real foci, then 



Let the point rj be taken as the origin, and let the axis of x 
pass through r,; then 

r,» = r', 

ra* = r'— 2aic + a', 

r,» = r" - 2 (6a; +fy) + e" +/', 
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and therefore the required locus is 
{(P + m'-n')r'- 2m=cut + 2n' (ex +/y) + m'a' - n' (^ +/'))= 

= 4AnV»(r»-2<w + o»)' (34), 

which is the equation of a bicircular quartic. To prove that the 
three points are foci, we shall show that the line a: + 1^= is a 
tangeut to the quartic. Substituting u; for ^ in (34) it becomes 

(2n' (« +i/)x- 2m\Lr + m*a,' - n' («» +/'))' = 0, 

which is a perfect square, and therefore shows that the line 
x + iy = touches the curve at the imaginary point determined 
by this equation. 

222. It follows from g 202 and 81 that if a conic be inverted 
from any point 0, the point and the two inverse points of the 
foci of the conic are foci of the quartic. We shall now prove 
geometrically that if P be any point on the quartic OP, 8P and 
SP are connected by a linear relation. 

Let C, S', H' denote the centre and foci of the conic, P" any 
point on the conic, 2o its major axis ; then 

HT^_qP' ST'_OP; 
HP ~0H' SP~ OS' 

also since S'P' + H'P" = 2a, we obtain 

^ _HP SP 
0P'~0H'^08 

or if & is the radius of inversion 

2a0P/!^ - HP/OH + SPjOS . . . 
which is the required linear relation. 

Let coincide with the centre C of the conic ; 
0H'=0S' = (K, 
whence (35) becomes 

ie (SP + HP) = CP. 
When the conic is a hyperbola, this becomes 
^e(8P-HP) = 0P, 
also SP* + HP' = 2 (CP' + 08*), 

whence SP.HP= CP' (1 - 2/6") + C8>. 



-.(35), 
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When the conic is a rectangular hyperbola, e = V2, and we 
obtain 

8P.HP=CS'. 

which is the well known focal property of the lemniacate. 



Circular Gubica. 

223. We have shown in § 200 that when the focal conic is a 
parabola, a hicircular quartic becomes a circular cubic ; and also 
that the inverse of a bicircular quartic from any point on the 
curve is a circular cubic. Conversely the inverse of a circulaJ* 
cubic from any point not on the curve ia a bicircular quailiic. 
When the centre of inversion is on the cubic, the curve inverts 
into another circuUr cubic unless the point is a double point, in 
which case the cubic inverts into a conic which is a hyperbola, a 
parabola or an ellipse according as the double point is a node, a 
cusp or a conjugate point. All the above results follow from the 
general equation (4) of | 198 of a bicircular quartic. 

The equation of a circular cubic in Cartesian coordinates is 

a;(r' + 2/a;+2£rt/ + S>) + 2oH = (1), 

the origin being the centre of the fixed circle ; {f, g) are the 
coordinates of referred to the focus S of the focal parabola, and 
a is the focal distance of the latter. If (1) be transformed to 
polar coordinates we obtain 

r" + 2r(/cos^ + ^ sin ^ + a8ece) + 5^ = (2), 

fi-om which it follows that if 

/cosa+5fsina + aseca + S=0 (3), 

the line 9 = a intersects the curve in two coincident points. If 
we now transfer the origin to the point 8 cos a, 8 sin o, where h is 
given by (3), the linear terms will not vanish ; whence the new 
origin is not a double point, but is the point of contact of one of 
the tangents from to the curve. Accordingly the cubic cannot 
have a double point unless S = 0; in which case the equation of 
the tangents at the double point is 



Digitized ByGOOgle 



CIRCULAR CUBICS. 153 

and the double point will be a node, a cusp or a conjugate point 
according aa 

5' > or = or < 4o (a +f), 

that is according as the point is without, upon or within the 
focal parabola. In this case the cubic will be the inverse of a 
conic with respect to a point on the curve. 

All circular cubica have only one real asymptote, viz. the line 

a;+2a = 0. 
From (2) we obtain 

»-.r. = S» (*), 

nr, + r,) = -(/co8(? + i7 3in^ + aaec^) (5). 

Ekiiiation (4) shows that if OPQ be any chord, the rectangle 
OP.OQ==S'; alao that tlie lengths of the tangents drawn from 
to the curve are all equal to the radius of the fixed circle. 
Equation (5) shows that the locus of the middle point of PQ is 
the circular cubic 

whose node and nodal tangents are identical with those of the 
first cubic when 8=0. 

224. We have shown in § 121 that one of the forms of the 
equation of a circular cubic in triliuear coordinates is 

M,S = /«, (6), 

where u„ is a ternary quantic of degree n. 

The form of (6) shows (i) that the cubic passes through the 
two circular points at infinity ; (ii) that it passes through the 
point where the line «, intersects the line at infinity, from which it 
follows that the line Wi = is parallel to the asymptote ; (iii) that 
the cubic passes through the points of intersection of the conic 
tt, = with the circle 5 = and the line Ui = 0. It also follows 
that a circle cannot intersect a circular cubic at more than 
four points which are at a finite distance from one another. 

225. The following proposition is of fundamental importance 
in the theory of circular cubics. 

If a circle intersect a circular cubic in four points A, B, C, D, 
the three straight lines which respectively/ join the points, where the 
three pairs 0/ straight lines AB, CD; BC, AD; CA, BD again 
intersect the cubic, are parallel to tlie asymptote. 
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If S be taken as the circle circumscribing ABC, the conic u, 
must also circumscribe this triaDgle, whence 

«a =" Iffy + w/a + naff, 
Uj = \a+fLff+vr/- 
Let the lines AB, CD meet the cubic in E and F; then since 
Z) is the fourth point in which S and u, intersect, the equation 
of CD is 

c(lff + tntt)~n{aff + ba) (7). 

To find the third point F where OD intersects the cubic, 
substitute the left-hand side of (7) in the term ii^ in the cubic and 
it reduces to 

(cJ^-n/)S=0, 
which shows that the line 

CMi-n/-=0 (8) 

passes through F. Putting 7 = in (R) and also in (6) it follows 
that (8) passes through E ; whence (8) is the equation of EF. 
The form of (8) shows that EF is parallel to the asymptote. 

226. If A and B coincide, AE is the tangent at A, whence : — 
If a circle touch the cubic at A and intersect it at C and D, the 

tangent at A and the line CD intersect the cubic at two points E 
and F, such that EF is parallel to the asymptote. 

227. Let C and J) as well as A and B coincide, then : — 

If a circle touch the cubic ai two points, the line joining the two 
points, where the tangents at the points of C(Mitoc( cu( the cwAtc, is 
parallel to the asymptote. 

228. Let A, B and C coincide, then : — 

1/ the chord of curvature intersect the cubic in F, and the 
tangent to the cubic and its circle of curvature meet the curve in E, ■ 

the line EF is parallel to the asymptote. 

229. If a straight line parallel to the asymptote of a circular 
cubic cut the curve in a and c, and if the tangents at a and c cut 
the curve in A and C, then the four points AacC lie on a circle; 
also AC intersects the cubic at the point where it is cut by its 
asymptote. 
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Let A, B, G, B he the points where any circle intersects the 
cubic; let AB, CD interaect the cubic 
ID a and c ; and AC, BD in R and if. 
Let B move up to coincidence with a, 
and D with c. Then Aa, Cc are the 
tangents at a and c, and the four 
poiute AacC lie on a circle. 

When B and D coincide with a and c, BD coincides with ac ; 
but since a line which is parallel to the asymptote cannot cut the 
curve in more than two points at a finite distance from one 
another, the point R' must move off to infinity. Hence the line 
RR\ which by § 223 is parallel to the asymptote, cuts the cubic 
in only one finite point R, and therefore it must be the asymptote. 

230. Let the points A and C coincide ; then ; — 

If a tangent be drawn to ike cubic from the point where it is 
cut by its asymptote, and if from the point of contact A two tangents 
be drawn to the cubic touching it in a and c, the circle circumscrib- 
ing Aac will touch the cubic in A, and the line ac will be parallel 
to the asymptote. 

231. If a cir<ntlar cubic 2 be inverted from any point on 
itself into a circular cubic %', the osculating circle of S at will 
invei-t into the asymptote of^', and vice nersd. 

The osculating circle intersects the cubic in three coincident 
points at 0, and one finite point P; whence the circle inverts 
into a line cutting the inverse cubic in one finite point P* and 
touching it at two coincident points at infinity ; whence the 
inverse of the osculating circle is the asymptote of S'. 

232. If the cubic be inverted from the point where the 
asymptote cuts the curve, the point mil be a point of inflexion on 
the inverse curve. 

It follows from (6) that the equation 

(aa: + by)S + \(aa! + byy-\-ea:+fy=0 
represents a circular cubic whose asymptote is the line 

ax + by^O. 
The inverse cubic is 

(aa; + by)S' + \ii'(ax + byy + r'(ew+fy) = 0. 
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where iSC is the ioverae of the circle S : from which it followa that 
the line ax+bj/^0 has a contact of the second order with the 
inverse cuhic at the origin, and the latter is therefore a point of 
inflexion. 

233. ^ three tangents be drawn to a circular cubic from the 
point in which the cubic cuts its asymptote, the three points of 
contact will lie on a circle which passes through 0. 

We have shown in § 92 that from a poiut of inflexion three 
tangents can be drawn to a cubic, and that the three points of 
contact lie on a straight line. Hence inverting with respect to 0, 
the theorem at once follows from § 232. 

234. Every circular cubic passes through the four centres of 
inversion, and also through ths feet of the perpendiculars of the 
triangle formed by joining any three centres of inversion. 




We have shown in § 213 that if A, B, 0, be the four centres 
of inversion, any one of these points is the orthocentre of the 
triangle formed hy joining the other three. Also the equation of 
the cubic referred to ABC is 

jS (la cos A + m/9 cos B -t-ny cos C) 

= I {la'cos' A + m^ cos^ B + nrfcos'C) (9), 

where 5 = oa' cos ^1 + 6^= cos B + C7» cos C (10), 

and l + m + n = (11). 

Putting ;S = 7 = in (9), it follows that (9) vanishes by virtue 
of (10) ; whence the cubic passes through A ; similarly it passes 
through B and C. Also since the coordinates of are proportional 
to sec A, sec B, sec C it follows that the cubic passes through 0, 
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To find where AC cnts the onbic, patj3 = 0, and (9) reduces to 
ay {Ic cos A —na coa 0) (a cos A —y cok C) = 0, 
the last factor of which is the equation of BE. 

235. The tangents to the cubic at the /our centres of inversion 
are parallel to the asymptote. 

Since the four points B, E, C, F lie on the cubic and also on a 
circle, it follows from § 225 that the line joining the third points in 
which BF aud EC intersect the cubic is parallel to the asymptote ; 
but since these lines intersect on the cubic at^, the tangent at A 
is parallel to the asymptote. 

Since the tangent at A is the coefficient of a" in the equation 
of the cubic, it follows from (9) and (11) that its equation is 

jS (m sin C + n cos ^ sin S) + 7 (m sin 5 + m cos A sin 0) = 

(12). 

A direct proof may be given as follows. The form of (9) shows 
that the line 

lacmA + m0coaB + ny(M3C = O (13), 

or M = 0, is parallel to the asymptote. The equation of any line 
parallel to (13) i3u + kl = 0; aud if we determine k so that this 
line passes through A, we shall obtain (12), which is the tangent 
at A. 

236. The tangents at D, E, F intersect at a point Y on the 
nine-point circle, which is common to the four triangles formed by 
joining the centres of inversion. 

Let the tangents at D and F intersect in Y; join EY; also 
let the tangent at C cut YD, YF in M and N. Then since D 
and F are the inverse points of C with respect to B and 0, 

YDC = MGD ; YFC = NCF = OCM, 

whence YDG+YFC^OCD^^^ir-B (14). 

Also ■>r-DYF= YDC+ YFO + GDF+ CFD (15). 

But CDF=A; CFD = CAD = G~iiir (16). 

Substituting from (14) and (16) in (15) we get 

DYF^ 2B. 
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But from the ((eometry of the nine-point circle, it is known 
that this circle passes through DEF, and that DEF= 2B ; whence 
F is a point on the nine-point circle. 

Whence also EYD = EFB = 20, and therefore YE is the 
tangent at E. 

237. // the sides BE, EF. FD of the triangle DEF he 
produced to meet the cubic in F', U, E', the lives Diy, EE', 
FF' are parallel to the asymptote. 

Since the four points A, F, E, lie on the cubic and also on a 
circle, ajni AO and FE cut the cubic again in D and D , it follows 
from § 225 that DB' is parallel to the asymptote. 

23S. The point of intersection Y of the tangents at D, E, F is 
the point where the cubic is cut by its asymptote. 

Let the nine-point circle cut the cubic in a fourth point H, 
and let HB cut the cubic again in B". Then by § 225 B'B" is 
parallel to the asymptote ; but by § 237 B'B is also parallel to the 
asymptote, whence B" coincides with B, Mid HD is the tangent 
at B. Accordingly H must coincide with 1'. This shows that Y 
is also a point on the cubic. 

Also since the points of contact B, E, F of the tangents from 
y lie on a circle passing through Y, it follows from § 233 that T 
is the point where the asymptote cuts the cubic Hence : — 

The nine-point circle, common to the triangles formed by joining 
any three of the centres of inversion, passes through the point where 
the cubic is cut by its asymptote. 

The preceding theorems fiimish the following construction for 
finding the four centres of inversion. From the point where the 
cubic cuts its asymptote, draw three tangents and let B, E, F be 
their points of contact ; then the centres of the inscribed and the 
three escribed circles of the triangle BEF are the four centres of 
inversion. 

239. The common nine-point circle of the triangle formed by 
joining any three of the four centres of inversion passes through the 
focus of the focal parabola, that is through the double focus of the 
cubic. 
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Since by § 216 the triaogle is self-conjugate to the parabola, 
the equation of the latter may be writteo 

;a' + m/9' + 7!y = (17), 

where a'll + b'lm + d'/n= (18). 

Let D„ JC, and F, be the middle points of BC, CA, AB\ then 
the equation of DjE^ is 

m + bff-cy^Q (19), 

and (18) ia the coodition that (19) should touch (17). Hence the 
parabola touches the sides of the triangle DiE,F,, and therefore its 
focus lies on the circle circumscribing D,E,Fj, that is upon the 
nine-point circle of ABC. 

240. The directrices of the /our focal parabolas pass respec- 
tively through the centres of the four circles (^rcumscribing the four 
triangles formed by joining the centres of inversion. 

The equation of the directrix of (17) is* 

I(m + n)ala + m{n + l)^lb + n{l + m)ylc = 0. 

The condition that this line should paais through the centre of the 
circle circumscribing ABC, whose coordinates are proportional to 
coB^, cosfi and cosO, is 

fm (cot j1 + cot jS) + TMft (cot B + cot C) -f ni (cot (7 + cot ^ ) = 0, 

which is the same thing as (18), which is the condition that (17) 
should be a parabola 



On the Points of Inflexion. 

241. The general equation of a circular cubic may be written 
in the form 

S«, = 7ii, (20), 

where S is the circumscribing circle, and 

u, = Xa+^+i^ (21), 

«, = /a' + 7«j8' + n7'+2i'je7 + 2m'7a:+2n'a/3 (22). 



* Ferrers' TriUnear Coordinatta, p. 93. 
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Let B and C be two real points of inflexion, and let AB, AC 
be the tangents at B and C, Then if j3 = 0, the cubic must 
reduce to a' = 0, which requires that 

n = 0, 2m' = vbjc, 
lc='\b-2m'a = b(M-va)jc (23). 

The conditiona that the cubic should reduce to a* = when 
7 = are that 

m = 0, 2n' = fc/b, 

lb==c{}J>-fia)lb (24). 

The third real point of inflexion B must lie on BO, whence 
putting a = in (20), the equation of AD is 

(/i/9 + t^)a = 2f (tj8 + C7)- 
If i> is at infinity, AD must be parallel to BC, whence 

,j,lb = vlc = k (2.5). 

Using this in (23) and (24) we get 

(X-yta)<fc'-c') = (26). 

The solution \=ka must be rejected, because it leads to the 
cubic breaking up into a conic and the line at infinity ; the other 
solution shows that h = c, whence iJi. = v, and the equation of Ui 



Xa + /tO + 7) = 0, 

which is parallel to BC. These results show that when a circular 
cubic has three real points of inflexion, one of which is at 
infinity : — 

(i) The tangents at the two other points of infiexion, together 
with their chord of contact, form an isosceles triangle of which the 
chord of contact is the base. 

(ii) The line joining the points of inflexion is parallel to the 
asymptote. 

242. The following is an example of tangential coordinates. 

If through any point on a circular cubic a line be drawn 
cutting the cubic in P and Q, and RX be drawn perpendicular to 
PQ through the middle point B of PQ, the envelope of RX is a 
parabola. 
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Taking as the origin, the equation of the cubic is 
r*Wi + «, + Ui = 0, 
which in polar coordinates becomes 

7^ {E cos e+Fain 6) + 2r {A cos' 5 + B ain 2^ + asin' 6) 

+ Gcos^ + fl'8in5 = 0, 
whence 

. _ , , , 4 cos' ^ + B sin 2(9 + Cain' 

Let RX meet the axes in X and T; and let OR = p, then 
pf = cos 6, pt) = sin 0, 
whence A^ + 2B^ +Cif + E^+ Ft} - 0, 

which is the tangential equation of a parabola. 



11 
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CHAPTER X. 

SPECIAL QUARTIG8. 

243. Having discussed the general theory of quartic curvee 
and also that of bicircular quartics, we shall proceed to consider 
the properties of a variety of well known curves of this degree. 
It will further be shown in Chapter XII. that all the projective 
properties of these curves may be generalized by projection ; and 
in particular that the theory of all quartica having three biflec- 
nodes, a node and a pair of cusps, or three cusps may be deduced 
from the properties of the lemniscftte, the liina9on and the cardioid 
respectively. 

The Caasinian. 

244. The Cassinian, or the oval of Cassini as it is some- 
times called, is the locus of a point 
which moves so that the product of 
its distances from two fixed points is 
constant. The two fixed points are, as 
will hereafter be shown, triple fod. 

To find the equaiion, of the Cassinian. 

Let fi! and fi^ be the foci, the middle point of SH; let 
SH = 2c, and let a be a constant such that 

SP.HP = a»-(^ (1), 

then if {x, y) be the coordinates of P referred to 0, 

8P^ = {x-cy-^y\ HP* = (x + cr + y\ 

whence (ji* + y' + c»)» - Va^ = (a" - c*)" (2). 
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Comparing this with (4) of § 198, it follows that the Cassinian 
is a bicircular quartic. Equation (2) may alao be written 



r*+2c»(a»-r»co8 2^-a' = . 



245. The Casainian is also included amongst the curves given 
by the equation 

f + Mj=:ilog{(a!+tt/)Yc»-ll 
which is equivalent to the two equations 

(a^ + 3,.)s _ 20" (a!» - 1/") + e* ( 1 - €*0 = 0, 
and a? — y'-c*= ^jcy coth %ri, 

the first of which represents a family of confocal Cassinians, and 
the second a family of rectangular hyperbolas which pass through 
the foci of the former and cut them orthogonally. 

246. The Cassinian always cuts the axis of u; in the two 
real points x=±a; and will also cut it in two other points 
which will be real or imaginary according as c ^2 > or < a. 
The curve also cuts the axis of y in four imaginary points or 
in two real and two imaginary ones according as c V^ > or < a. 
Accordingly when cjlxi, the Cassinian is an esodromic curve 
consisting of two detached ovals, each of which encloses one of the 
foci ; but when cij%<a, the curve is uoipartite and perigraphic ; 
and the internal and estemal curves in the figure to § 244 show 
the forms of the Ca-ssinian in the two respective cases. When 
CK/2 = a, the curve becomes the lemniscate of Bernoulli, and the 
origin is a real biflecnode. The form of the curve is shown in 
§253. 

Transforming (2) into trilinear coordinates by taking the lines 
a!±ty = as two of the sides of the triangle of reference and the 
line at infinity as the third side, the equation becomes 

(^7 + d'l'f - C^I' + 7)' = (O' - cy I\ 

from which it follows that the Cassinian is a Mnodal quartic 
having a pair of biflecnodes at the circular points. Hence 
Pliicker's numbers are m = 4, m = 8, 5 = 2, a; = 0, t = 8, i = 12; 
but since four of the points of inflexion are situated at the 
biflecnodes, the curve has only eight independent points of 
inflexion; and it will be shown in § 251 that four of these 
must be imaginary, whilst the remaining four may be all 

11—2 
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real or all imag^inary, or may coalesce into two real pointB of 
undalatioD. 

247. The nodal tangents at the circular poiuts are 
7'=-c»/», yS'sc*/'; 
or, in Cartesian coordinates, 

which interaect at the points w= ±c, y = ; also, since both 
tangents are stationary tangents, their points of intersection are 
triple foci. 

Since every binodal quartic must have eight real foci, of 
which two or more may unite into multiple foci, it follows 
that the Casainian must have two single foci. Their posi- 
tions may be found by determining the conditions that the line 
(c — a±i(y — y9) = should be a tangent to the curve. 

Writing p = a + i^, and eliminating y from (2), we shall obtain 
{p> - C») (la:" - 4^a; + p" - c") = (a' - d')', 
which will have equal roots if 

(p* - c') (p'c* + a* - 2a'if) = ; 

the first factor gives « = ± c, yS = 0, which are the coordinates of 
the triple foci S and H. As regards the other factor, we observe 
that when c V2 > ct, in which case the Cassinian is bipartite, we 
obtain pc = ±a (2c" — a')', which gives a = + a (2c" — a') /c, (8 = 0; 
hence in this case there is a pair of real single foci on the 
axis of x. But when c v'2 < a, in which case the Cassinian is 
unipartite, we obtain pc= ± w (a" — 2c") , which gives a = 0, 
;S = + o (o" — 2c")7c ; hence in this case there is a pair of real 
foci on the axis of y. When a = c V2, the curve becomes a 
lemniscate, and the origin is a double focus formed by the 
union of the foregoing pair of single foci. It can also be 
shown that the two single foci lie inside or outside the curve, 
according as the Cassinian is bipartite or unipartite. 
We shall now give some properties of the curve. 

248. If P be a point on the curve, straight lines drawn from 
the foci perpendicular to SP, HP will meet the tangent at P in 
points equidistant from P. 
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Let SP = r, HP=r'; draw SK, HK' perpendicular to SP, 
HP meeting the tangent at P in K, K'. Let 8PK = ^, HPK'= ^'. 




Then rr' = a' — c* ; and since dr/d« = coa 0i — dZ/d* = cos ^', we 
obtain rseo0 = r'sec0'; whence Pi^ = PiT'. 

249. //" (A« normal at P meet SH in 0, and C he ike middle 
point of 8H, the angles SPG and CPH are equal ; also 

SP' : HP* :: SG : HG. 
Draw PC meeting SH" in C, such that the angle CPH = SPG ; 
then 

HC ^ BJa CPH aia SPG ^coa<l> 
/ sin ~ sin C sin (7 ' 

whence HC sin C = r' cos 0. 

Similarly iSC8in(7 = i"CO8 0' = ffCsinC, since r* cob ^ = r cos 0' ; 
whence SG = HO. Therefore G is the middle point of SH. 
Again, if SY, HZ are perpendicular to PK, 

SP' = PK.PY; HP*'=PK'.PZ, 
and PK = PK' whence 

SP* : HP' :: P¥ : PZ, 
:: SO : SG. 

250. Straight lines are drawn from S, H and C perpendicular 
to 8P, HP, CP respectively, meeting the normal at P in L, M and 
N ; prove that if p be the radius of curvature at P, 

1 1 1 1 

PL'^PM^PN'^p- 
LetPSH^e, PHS = 0', PGS = x, PGS = f; then 
nr . ds 

Pi = rco8ec9= - -j^. 
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AUo X- 


^ei+GPH-e'-tSPO.e'+iir-^ 




+ .«'+i,r-f, 




« + 9'-*+^', 


whence 


X + f'I'-S + i', 


and therefore 


dS' de d^ d<lr 
da ds' dt* da' 


or 


^ 4. ' 1 J.1 
P7+ pw- PV + :;- 



251. The equation of the carve in terms of p and r ia 

Let CP = r, p the perpendicular from C on to the tangent 
at P. Draw SB, HB' perpendicular to OP ; then 

PL^ PM~ 8P ■ HP 

HPeia^i + SPsin^' 
o' - c" 
^ fg + PB 
a' — c' 
2r 
a»-c" 

whence, by § 250, ^^. = | + J ^ ■ 
Integrating rp = g^^,_^^ + A. 

To find the constant, we observe that at each of the vertices 
r and p are each equal to a, whence A = ^{a*— 2a'(^)Ha* — (?) and 

rp (o' - c*) + a»c> = i (r* + o'). 

Thia shows that the radius of curvature may be expressed in 
the form 

2<a'-c')r' 
^ 3r*-a*+2o*c'' 
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At a point of mQexion p = <c , whence the eight points of 
ioflesion are given by the equation 3i-*=o* — 2oV, which in 
combination with (3) gives 

cOB2$=±a (a' - 2c')*/c» \/3. 

The positive aign may give a real value of ff, but the corre- 
sponding value of r will be imaginary. Taking the lower sign, there 
will be four real points of inflexion provided the value of cos 20 
is less than unity, which requires that c V^ > o. Hence the con- 
ditions for four real points of inflexion are that C'i/3>a>c t/2. 
When c V3 = a, the Cassinian has two real points of undulation. 

The preceding argument flhows that it is possible for a quartic 
to have all its points of inflexion imaginary ; since an anautotomic 
quartic which is approximating to the form of a Cassinian having 
eight imaginary points of inflexion, must have all these singulari- 
ties imaginary. 

252. A Cassinian is described whose fod are the points of 
intersection of the directrix with the asymptotes of a hyperbola ; 
prove that the tangents at t!te points where it meets the ausnliary 
circle are tangents to the hyperbola, and that the normals at these 
points pass through the/ocus of the hyperbola. 

Let K, JC be the foci of the Cassinian, G the centre of the 
hyperbola, OX its transverse axis, P the point where the Cas- 




sinian meets the auxiliary circle. Let OPS be the normal at P ; 
XGK = a, XCP = ff i draw PN perpendicular to KK' ; join KP. 
K'P. CP. 



By § 249 



KPG^K-PX, 
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alio 


CPK.CKP = ),-,-i(a-m 




~iir-KK'P~K'PN, 


whence 


KPN -K PC, 


and therefore 


CSP-OPN-XPO, 



wheuce the triangles G8P and CPX are similar, and therefore 
C8 .CX=GP' = CK*. Hence S is the focus of the hyperbola ; 
also the tangent at P to the Cassinian, which is perpendicular to 
8P, touches the hyperbola. 



The Lemtiiscate of Bernoulli, 

253. When a = c -^2, the Cassinian becomes the lemniscate of 
Bernoulli, and its equation is 

r^ = a'G08 W, 
or (a^-vff = a^i3?-y). 

The form of the curve is that of a figure of eight, the origin 
being a biflecnode, the tangents at which are at right angles. 

The lemniscate also possesses the double property of being the 
inverse and also the pedal of a rectangular hyperbola with respect 
to its centre. 

All the properties which we have already proved for the 
Cassinian hold good in the case of the lemniscate ; we add the 
following additional ones, which the reader can easily prove. 

Let P be the foot of the perpendicular from the centre G on 
to the tangent at any point Q of a rectangular hyperbola; CFthe 




perpendicular from (7 on to the tangent at P to the lemniscate ; 



<i> = GPY, e = PCA, x=yOA; 
p=GT, CA^a. 
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then QGA»ACP = e. 

<f, = CPr^CQP=^ir-20 (1), 

X=^+iw-0 = 3S (2), 

»' = «*P (3). 

p' = o'c08Jx (*)■ 

Equation (4) is the pedal and also the tangential polar 
equation of the lemniscate. 

Also since the p and r equation of a rectangular hyperbola is 
CQ.GP = a\ it follows from (3) that 

'■•^i-t-i'"' (°>- 

The reciprocal polar is the curve 

c^ = r'coa|^ (6), 

and the tangential equation is 

27o' (p + ,•)■- (4 -«'(P -,■)]• (?), 

which shows that the curve is of the sixth class, a result which 
follows bora the &ct that it belongs to species VII. 

254. To find ikep and r equation referred to a focus. 

Let SP = r, HP = r , CP = R\ then since C is the middle 
point of SH, 

r" + r'' = Sil* + a\ 

also 21-/ = a", 

whence if r' > r, 

BV2 = r'-r=iaVr-r. 

By (5) 

IdplZR 3 3r 

rdr~p a* 2r^/i aV2 ' 

whence 2 V2a'p = (3o' - 21^) r. 

255. The anguiar pointa of an equUaieral triangle move round 
the cirewmference of a circle; prove that the locus ofthefod of all 
rectangular hyperbolas which i^vumscribe the triangle and have a 
given centre is a lemniscate. 
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Let ABC he the triangle, if its orthocentre, the centre of 
the hyperbola. Then JV is a fixed point and Olf a fixed line ; 




also since lies on the nioe-point circle of the-tnaogle, and N is 
the centre of tbe latter. 

, — — —^ ON = NE=^R. 

Let OL be the asymptote, and jS the focus of the hyperbola ; 
let JVO-Sr = >f>. Then if OE meet the hyperbola in P, OE = EL; 
and from the equation of a rectangular hyperbola referred to its 
asymptotes 

0& = *0I» sin LOP cos LOP = 20P* sin OEG. 
Also fix)m the equation referred to a pair of conjugate 
diameters 

AE' = OE»-OP^; 
but 

AE = ^R V3, OE = 20N cos NEO = R sin OEC, 
whence 

OS' =. ^B? (4 ain* OEC - 3 sin OEG) 
= -^R'sia20EC. 
But 0EC = 2L0B = 2(j7r -<f>~ DEC), 

whence OS" = ^R* ain 2^, 

and therefore the locus of jS ia a lemniscate. 

2S6. To find the equation of the evolute o/a lemniscate. 
In the figure to § 253, let he the centre of curvature at 
P, Q the corresponding point on the rectangular hyperbola which 
is the first negative pedal of the lemniscate. Let the normal at 
P meet CQ in K. Then 

= QCA='ACP = ^CPK, 
whence KC = KP = KQ. 
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Let CQ = t', then by § 253, 

P = ^T^, and OK = if. 
whence if (x, y) be coordinates of 0, 

a: = ^r' COB fl + ^r' cos 3^ = Jr* coa* ^, 
y = ^r' sin - ^r' ain 35 = f?-' sin' 0, 
whence ir* + y* = (Sr")*; 

also a* - y* = (j/)* (cos* (? - sin' ff) 

= (|r')» cos 20, 
whence (a;* + y*) («* - y*) - ^r"" cos 26 

which is the equation of the evolute. 

267. The lemniscate of Bernoulli, being the pedal of a 
rectangular hyperbola with respect to its centre, belongs to the 
class of curves included in the equation 

which is the pedal and also the inverse of a central conic with 
respect to its centre. These curves are trinodal quartics having a 
pair of ordinary nodes at the circular points, and a biSecnode at 
the origin which will be complex or real according as the conic is 
an ellipse or hyperbola. They are also included in the equation 
x+ ty = c sec (f + tri), and are one of the few claasea of curves 
whose potentials can be completely investigated. The two points 
which are the inverses of the foci of the conic, and also the 
biflecnode at the origin, are double foci. It also follows that if 
X and y are tangential coordinates, the preceding equation repre- 
sents the first negative pedal of a central conic with respect to 
its centre ; hence Plucker's numbers for the pedal are n = 6, 
S = 4, K = 0, m = 4, T = 3, ( = 0. 



The Lemniscate of Oerono. 

S58. This curve has been sometimes confounded with Ber- 
noulli's lemniscate, owing to its form being that of a figure of 
eight. It may be constructed as follows. Let P be any point 
on a circle whose centre is G and radius a ; draw PM perpendicular 
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to any diameter CA, and PN perpendicular to the tangent at A. 
Join CN and let it intersect PM at Q. Then the locus of Q is 
the curve in question, and its equation is 

i^ = a\a?-i/>) (1). 

The curve has a biflecnode at the origin, and a tacnode at 
infinity, and therefore belongs to species VII. To prove the 
latter statement, transform to trilinear coordinates so that the 
axes of X and y are the sides BG, BA, whilst the line at in6nity is 
the third aide of the triangle of reference ; then (1) becomes 

7'-a'(T'-«')/3' (2). 

Now if in (16) of § 165 we interchange $ and y, the resulting 
equation represente a quartic having a tacnode at A and the line 
y3=0 or AG as the tacnodal tangent; and if in the resulting 
equation we put X = /t = 0, ri = 0, ii, = — v^, it reduces to (2). 



The Oval of Descartes. 

259. The oval of Descartes is the locus of a point P which 
moves so that its distances from two fised points F, F, are 
connected by the relation 

FP + mFiP = a, 
where m and a are constants. 

The two points f, /",, as well as a third point F^ (see | 262) 
will be provisionally called the foci ; and we shall prove in § 273 
that these three points satisfy PlUcker's definition of foci. 

Let FP - r, F,P = n , FF, = c, PFF^ = 6, then the polar equa- 
tion of the curve is 

r*(l - m*) - 2r (o - wi'c cos 0) + a*- m'd' = (1). 

If this equation is written in the form 

jr> (1 - m") + 2m^cx + a*- mV)* = 4a'H 

it is identical with what (12) of § 200 becomes when a=b; and is 
therefore a cartesian. 

If the curve be defined by the equation 

r + mri = a (2), 
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it follows that r, r, and c are esseDtially positive quantities, whilst 
m and a may have any positive or negative values subject to the 
condition that (2) should represent a real curve. If, on the other 
hand, the curve be defined by the polar equation (1), c may be 
negative, in which case we shall obtain a more general species of 
curves which possess two cusps at the circular points, and are 
therefore cartesians, but which cannot be generated by Descartes' 
method. 

260. In order that the vectorial coordinates r, n should 
represent a v&d point, it is necessary that the circles whose centres 
are F, F, and radii r, ri should cut one another ; this requires that 
r + c> I'l > r — c. 

We shall now show how to determine the limiting values of m 
and a in order that the curve may be real*. 

Let OX, Oy be two rectangular axes; OA = OB = c; draw 
AP, Bp perpendicular to AB. Let r, r, be vectorial coordinates 
of a point referred to F, F^ as foci, where FF, = c ; and let x=r, 
y =r, be the coordinates of a point Q in the plane XOY referred 
to OX, OF as axes. 

The condition that Q should lie within the 
that pM>QM> PM ; bat 

pM = A'M =s r + c, 
PM = AM =r-c, 
accordingly the condition becomes 
r + c>ri>r — c. 
Hence all points lying within the rectangle PABp correspond 
to real points in vectorial coordinates ; and all points lying outside 
it to imaginary points. Accordingly the condition that the equa- 
tion r + mj-i = a should represent a real curve is the same aa the 
condition that the straight line x + mi/ = a should cut the rect- 
angle. 

Let this straight line cut the axes in D and E ; then there wilt 
be four cases to consider according as D lies (i) on OA produced, 
(ii) between and A, (iii) between and A', (iv) on OA' pro- 

* CioftoD, Proc. Load. Math. Soc. vol. i. p. 5. 
S. Boberte, Ibid. toL m. p. 106. 
Caylej, Ibid. p. 181. 
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duced. Recollecting that OD = a, OE = ajm, we obtain the follow- 
ing results ; — 

Case I. a>c; Qo>m> — 1. ■y 

Case II. c> a > ; o/c> m > - 00 . - 

Case III. 0>a> — c; a/c>m>-<». 

Case IV. — c>a>— oo; — l>m> — oo. 

If a or m lie outside these limits, the curve is imaginary. 

Gases I. and IV. 
261. We. shall now examine the geometrical meaning of these 
conditions, and we shall find it convenient to begin with the two 
ovals 

r 4-mr] = a (3), 

'-•»•-.-« (*), 

in which a>o and 1 > m > 0. 

With f as a centre describe a circle whose radius FR = a. On 
FM take two poiats P and Q such that 
PR_QR_ 
F,P F,Q *"■ 




Then P will be a point on (3) and Q a point on (4) ; also FiR 
bisects the angle PF,Q. Let 

FF^R = <fi, PF,R = a, FRF, = R ; 

then Jf = ''^°/p-t FQ = '4^^p^,^ 

8m(K + a) * sm(ii-a) ' - 

whence f f . f Q - "' '"f,^ ' °°' -> . ' 

am' K — sin" a 
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BJng PB 
sin ii'/'.P" *"■ 
sin tf) _ a 
sinR c' 



whence FP.FQ = 

Accordingly the rectangle FP . FQ is constant ; if therefore the 
circle circumscribing PQF^ cut FF, in J",, and FFa = c', it follows 
that 

FP.FQ = FF,.FFt (5), 

«'-^^. = ^T^, («>. 

and consequently F^ is a fixed point, 

262. To prove that /", te (Ac third focus of the curve. ■' 
Let FJ' = r,; then since the triangles F^P and QfJ", are 

similar ** ' '"; 

rj_Fj(i_QK _FQ-a 
d FQ mFQ thFQ ' 
But r . FQ = cc', whence 

r+ Vtmcja = cc^la (7). , 

Eliminating r between (3) and (7) we get 

rfija — ri = {cc' — a?)lma (8). 

From (7) and (8) it follows that a relation similar to (2) exists 
between FP and jPjP, and also between F^P and F^ ; whence F, 
is a third focus of the inner oval P. In the same way it can be 
shown that J", is a third focus of the outer oval Q. 

263. If PF, be produced to meet the outer oval in Q[, then 

F,P . F,Q' = F,F . F,F^. 

Produce F,P to R' so that F,R' = ajm j then since 

F-,P + PR' = aim, 

and FP + mF^P = a, 

we obtain mPR' =. FP. 

Similarly mqR^FQ!. 

, Fq FP 

whence ^ = PR = ^' 
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and therefore FItf bisects the external angle PFL. Let 

F,FB = ^, PFR' = EFL = a; 
then proceeding in exactly the same way aa in | 261, it can be 
shown that 

F,P.F,Q'=^^^^F,F.F^F^ (9). 

Hence the circle circumscribing PFQ passes through /',. 

264, I/FfP be produced to meet the inn^ oval in P", then 

F^P.F^ = FJP,.F^. 
Produce F^ to fl, so that f,flj = c'jm ; then 
F^ + PR^ = ^lm. 
also by (7) FJ' + FP.almc = c'lm, 

whence PR^ = FP . ajmc. 

Similarly PR, = FP' . ajmc, 

FP FP' mc 
whence rR,'=P%=-^' 

and therefore ffi, bisects the external angle P'FM. Putting 

F^R,= »j>, P'FR, = R^FM=a, 
and proceeding as before, we obtain 

FJ'.F,P' = ^^^ = F^,.F^. (10). 

265. We must now examine the positions of the foci with 
respect to the curve. 

Let (3) cut the line FF^ in A and B, where A lies on the left 
o(F; then y ^ 

PA=%^^. F,B=^^^, AB^-^^. 
l+m 1+7W 1+m 

Since a > c and m < 1, it follows that FA and F^B are both 
positive, and therefore the foci FiF^ lie inside the oval (3). 

The only values of r and r^ which simultaneously satisfy (3) 
and (4) are r = a. r] = 0; but when 7"i = 0, r = c, and since a>c 
this is impossible, and therefore the ovals do not intersect; a 
result which might be foreseen from the fact that a quartic 
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cannot have four double points. Whence the oval (3) lies inside 
the oval (4), and the foci F and #, lie within both ovale. 




FD~ 



FF,~-FD = 



Let the oval (4) cut FFi in C and D, where C lies on the left 
oiF: then 

(a - mc){a — c) 
c(l-m') ' 
whence FF, > FD and therefore F^ lies outside both ovah. 

The three equations (5), (9) and (10) are fundamental ones in 
the theory of these curves. The first one shows that each oval is 
the inverse of the other with respect to the internal focus F; the 
second shows that either oval turned through two right angles is 
the inverse of the other with regard to the central focus /",; 
whilst the third shows that each oval is its own inverse with 
respect to the external focus J*,. Also the two tangents drawn 
from F^ to the inner and outer ovals respectively are equal 

A pair of ovals which possess these focal properties are called 
conjugate avals; and their forms when a >c, m< 1 are shown in 
the figure. 

266. When m = l,fiP = PJI, see figure to | 261, whence the 
angle 

PRF, = PF,R = RF^Q; 

accordingly f,Q is parallel to FP, also from (6) FF^ = ec . In this 

case every point of the outer oval and also the estemal focus 

B. c. 12_^ 
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move off to infinity, whilst the inner oval hecomes an ellipse 
whose foci are F and F^ and whose major axis is a. 

When m > 1 and a > mc, the oval (1) becomes imc^^ary, but 
the line F^Q now cuts PF produced so that FiR bisects the 
external angle of the triangle F,PQ ; hence 
QR_PR_ 
'F,Q ~ F,P "*' 
abo since 

FQ+FR = QR = mFiQ, 

the locus of Q is the oval 

r + a = wr, (11). 

Writing (3) and (11) in the forms 

r,-t«Z°JlZ} ('^>' 

it follows that if a > mc, these ovals are of the same species as the 
pair of conjugate ovals we have previously been discussing, but 
the foci F and F, are interchanged. Also writing (11) in the 
form r—mri = — a, it follows that (11) belongs to Case IV., in 
which a and m are negative quantities which are numerically 
greater than c and 1 respectively. 

From (6) it follows that FF^ is negative, so that .Pa lies on the 
left of F, and its value is (a' - m'c')/c {m" - 1). 

When m = a/c, FF^ = 0, and F^ coincides vrith F; also both 
ovals pass through F since (12) are satistied by r, = c, r = 0. The 
polar equations of the ovals referred to the focus F are 

r (a' - c") = 2ac (a cos e q: c), 
the upper and lower signs being used for the internal and external 
ovals respectively. But when polar coordinates are employed 
negative as well as positive values of r are admissible, whence 
both ovals are included in the equation 

r(a'-d') = 2ac(acoad-c) (13), 

which is a hyperbolic lima^on whose node is at F, which is also a 
double focus. The focus Fi lies inside the internal loop. 

Lastly let m > a/c ; then from (6) c is positive, and therefore 
F, lies on the right of F; but FF, > FFt, so that F^ now becomes 
the middle and F the external focus. To find the conjugate oval, 
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produce F^P to /? so that F,R =- ajm, and od F^R take a point Q 
such that angle QFR^RFP; then since by (3) the locus of P 
may be written F^P + FP/m = aim, it follows that RP = FP/m, 
whence 

iP_RQ I 

FP~FQ'"m' 
and 

F,Q-FQ/m^F,R = a/m. 

and therefore the locus of Q is the oval 

r — mri = — a (14). 

It can also be shown as in § 261 that 

F^P . F^Q = ^f^ = FjF^ . FjF, 

and consequently Q is a point on the conjugate oval, which by 
(14.) belongs to Case IV. 



Cases II. and JJI. 

267. In Case II, c > a > 0, a/c>m>-co; but we shall find 
it convenient to begin by discussing the two ovals 

r — mri = a "(IS), 

r + mr,=a (16), 

in which m is a positive quantity lying between ajc and 0. 

In the figure FR = a, whilst P and Q are two points such that 

RP RQ_ 
F,P " F,Q ~ "^' 

whence (15) and (16) are the equations of 
the loci of P and Q respectively. We can 
also prove as before that 




FQ.FP = FF, . FF, = 



a' — mV 
^ 1 -m' 



accordingly as long as m lies between and a/c, the value of F, is 
positive and less than c, whence Ft is the central focus and Fi the 
«xtemal one. 

When m = 0, both ovals coalesce into a circle of radius a 
-whose inverse points are Fs, F,. When mca, JT, = and 
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Fi as well as Q coincide with F\ aod the locus of P is the 
ellipUc Uma^on 

r{f? — a') = 2(« (c — a cos 6), 

the two foci of which are f and Fx. The point ^ is a conjugate 
point and also a double focus. 

When 1 > m > ajc. the value of c' becomes negative and F^ 
lies to the left of F, so that F now becomes the middle focus and 
the oval (16) becomes imaginary. To find the conjugate oval, we 
observe that Q now lies on PF produced, whence it can be shown 
as before that the locus of Q is the conjugate ovid 

r-mr, = -o (17), 

which is one of the curves belonging to Case III. 

When m = l, F^ moves oflf to — oo, whilst (15) becomes the 
right-hand branch and (17) becomes the left-hand one of a hyper- 
bola, whose foci are F and Fi, and whose major axis is a. 

When ni> 1, c* and also c'— c are both positive, and therefore 
Ft lies on the right of Fi and is therefore the external focus. 

The locus of P is given by (15), which may be written 

r, + o/m = r/m (18). 

To find the conjugate oval, produce PF^ to £ so that 
FjR = alm; draw FQ so that the angle QFR = BFP. Then by 
(18), FP/m = FrP + F,R = PR ; whence 
FP^^FQ 
"^"PR'QB' 
accordingly the locus of Q is 

FQ-mF,Q = -a. 
which belongs to Case III. 

Also if F^FR = if>, FFR = RFQ = o, it can be shown as before 
that 

FrP . F,Q = '^^,Zi^ ' 

and therefore Q is a point on the conjugate oval. 

The oval of Descartes belongs to species VI, for which Pliicker'a 
numbers are n = i, S = 0, k = 2, m = Q, t=s1, ( = 8; whilst the 
two lima9onB belong to species IX. for which n = 4, 5 = 1, « = 2^ 
m = l, T = l, i-=2. 
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Having classified the oval of Descartes, we shall add a few 
properties of the curve. 

268. If a radius vector be drawn from the focus F cutting two 
conjugate oeals in P and Q, the tangents at P and Q intersect at 
the middle point of the arc PQ of the circle passing through 
PQF.F,. 

If the equation of the ioner and outer ovals be 
r ± mr, = a. 




we obtain drjds ± mdr^jds = 0, 

whence coa ^ = m cos ^ , 

We have shown that FP . FQ=FF, . FF^, whence a circle 
can be described round PQFjF,. Let S be the middle point of 
PQ; draw ST at right angles to PQ cutting the circle in T; join 
TP, TQ. Let FPG = ^, F^PT^^,; then 
* == TPQ = TQP, 
<f>,= TPF, = TQF„ 
whence F,PQ = ^ + ^ , F,QP = - .^, . 

Now FP + mF,P ■=a = FQ~ mF^Q. 

whence 

m {F,P + F,Q) = PQ= F,Q cos (^ - ^) + F,P cos (<^ + 0,). 
But 

f.P F,Q 

sin(0-.h) ain(^ + ^)' 
substituting and reduciug we get 

cos ^ = in coa ^,, 
which shows that TP is the tangent at P. Similarly TQ is the 
tangent at Q. 
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269. The tangent at P bieects the angle between the focal 
distance FP and the tangent at F to the circle through FjPFf 

If PL be the tangent to the circle, 

FPG = TPQ = TQP = GPL. 

270. rA« locua of S the middle point of PQ is a lima^on. 

The polar equation, when F is the origin, is given by (1), 
whence 

F8=i[ (n + rg) = (a - m»c cos 6)/(l - m'). 

All the preceding propositions bold good for either of the 
other two foci, provided P and Q are points satisfying the focal 
properties (9) and (10). The footnote* contains a list of some 
recent memoirs on this curve. 



271. If any chord cut a cartesian in four points, the sum -of 
its distances from any focus is constant. 

The equation of a cartesian referred to any focus is 

r" + 2r (a + 6 cos 5) + S* = ; 

let the equation of any straight line be r{A cosO + Bs\'a.6)=\; 
then if we eliminate 6 between these two equations, we shall 
obtain a qaartic equation for r, in which the coefficient of r" is 
equal to 4a. 

272. A cartesian has eight points of inflexion, and since the 
curvature at such points vanishes and changes sign, the radius of 
curvature becomes infinite at a point of inflexion. Hence the 
denominator of the expression for the radius of curvature, when 
equated to zero, furnishes the equation of the curve which passes 
through the points of inflexion ; and in the case of a cartesian 
the curve is a circular cubic, whose equation may be foiind from 
that of the curve by equating the value of tPy/diE* to zero. 

The last two propositions are true for all cartesians. 

* Oenooobi, Nouv. Ann. 1855; Mathau, 1881. 
Zeatfaen. Ibid. 1861, p. 301. 
Sjlvmtec, Pha. Mag. vol. xxxi. 1866. 
D'Ocagne, Camp. Rend. 1883, p. 1131. 
Ligoine, fiuU. tie Darhtnuc, 1882; Interm. de$ Math. 1896, p. 238. 
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Fod. 

273. To prove that the three points F, F,, Fi aatufy Pliieker'a 
definition of a focus. 

The equation of an oval of Descartes referred to the point Fis 

}r«(l-m») + 2m*ar + a'-mV}' = 4aV (19), 

and the points where the line x+iy = iatersects (19) are deter- 
mined by the equation 

(2m^cx + a' - mV)" = 0, 

which shown that this line is a tangent to tlie curve. In the 
same way it can be shown that the line x~iy=0 is also a 
tangent ; whence the point F satisfies Plucker's definition of a 
focus. 

Since the polar equation of the curve referred to F^ and F, ia 
of the same form as (19), it follows that these points are also 
foci. 

Since cartesians are bicuspidal quartics of the sixth class, it 
follows that these curves have one triple and three single foci. 
The latter have already been determined; the former may be 
obtained by considering the bicuspidal quartic 

(,87 ( 1 - m') + m»c </3 + t) a + (o» - wi'c') Q?] = 4a'a'^7, 

which reduces to a cartesian when B and G are the circular 
points, and a the line at infinity. The two cuspidal tangents are 

/S (1 - m') + m»ca = 0, 
7(l-'«') + '«'ca-0, 
which, when retransFormed into Cartesian coordinates, become 

(a; ± ty) ( 1 - m') 4- m'c = 0, 
which intersect at the real point 

ir=-m'c/(l-m*j, y = (20), 

which is the triple focus. 

If the origin be transferred to the triple focus, it will be found 
that the curve assumes the form S^ + L = (i; whence the triple 
focua is the centre of the focal circle. 
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274. We have shown in § 267 that when m = ajc the curve 
becomes a lima^on, and that two of the single foci coincide at the 
node, which becomes a double focus which agrees with § 212, 
whilst the single focus Hes without or within the curve according 
as the htDa9on is elliptic or hyperbolic. The distance of the triple 
focus from the node is a*cj{a* — c*). 

275. To find the corresponding results for a cardioid, put 
o=c = (l —m')A in (1) of § 259, divide out by I — m*, and then 
put m = l, and we obtain 

r = 2A(l-coR0). 
Hence c = 0, and by (6) of § 261 c' = 0, accordingly the cusp is 
a triple focus, which agrees with § 212. The other triple focus 
lies within the curve and 5n the left-hand side of the cuspidal 
focus, from which its distance is equal to — A, or one-fourth of the 
distance of the cusp from the vertex. 

276. We shall lastly consider the case of a cartesian with 
three collioear foci, two of which are imaginary. 

Writing 

/-i^.. »-°4^'- ^-r^.. (^«. 

the equation of the curve may be written 

(7' + 2,/r + S'y = iA^ (22). 

To determine the single ioci, we must find the condition that 
the line « — a+t(y-^) = sbould touch the curve; whence 
putting CL + i^=p, and eliminating y trom (22), we obtain 

^ (p +/y - 4^ {(p +/) (p* - S') - ^-A'p] + ip'-S'y + iAy = 0, 

and the condition that the roots of this quadratic should be equal 
is that 

p yZ+p («'+/' -^') +/«*)= <»■ 
The factor p = gives o = 0, yS=0 which determines the 
origin, which by hypothesis is the real single focus ; whilst the 
other factor determines the remaining single foci. Now if the 
roots of the equation 

P'/+p{S'+f'-A>)+/h' = (23) 

be real, we must have /3 = 0, a=p, in which case there will be a 
pair of real single foci on the axis of x. It will also be found that 
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if m and a be eliminated from (21), the result is (23) with c 
substituted for p. If however the roots of (23) are complex and 
equal to P ±iQ, the equations of the two tangents drawn from one 
of the circular points are 

w + iy = P + iQ, x+iy = P-iQ, 

whilst the equations of the two tangents drawn from the other 
circular point are 

a.-.^ = P + tQ. a!~,}f = P~iQ. 

These four straight lines intersect in the points 

a! = P + tQ, y = 0, 

3' = P, y — 0, 

x=P~iQ. y = 0. 

Hence there are two imt^nary foci which lie on the axis of w, 
and two real ones which are deteimined by the equations 

x = P. y=±Q. 

The latter foci together with the origin are the only real single 
foci which the curve possesses. 

277. The coordinates of the points where (22) cuts the asis 
of a; are determined by the equation 

{a^ + 2(/+A)x + B']{a^ + 2(/-A)x + &]=0, 

and the condition that the values of x, obtained by equating both 
factors to zero, should be real is that 

{B-^f+A)(8-/-A) and (S+f- A)(B-/+A)...(2*) 

should be both negative. Now the condition that the roots of 
(23) should be real is that 

(Si./+A)(S+/-A){h-/+A)(S-/-A) 

should be positive. Hence it follows from (24) that when the 
three collinear foci are all real the curve cuts the axis in four real 
points, but when two of these foci are imaginary, the curve cuts 
the axis in two real and two imaginary points. 
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Two of the Ibrms of the curve in the latter case are shown in 
the figure, and further information will be found in Cayley's 
Memoir on Caustics*. 




The Lima^on. 

278. We have shown in § 266 that a limaQon is a particular 
case of an oval of Descartes in which two of the foci coincide. 
It is, however, more usual to define this curve as the inverse of a 
conic with respect to its focus. The polar equation of a conic is 

ljr=l—e cos 0, 

whence the polar equation of a limafon is 

r = a — icos (1). 

where b/a = e. The curve is therefore the inveree of an ellipse or 
a hyperbola according as a > or < 6 ; in the former case it iB called 
an elliptic lima^on and in the latt«r a hyperbolic li-magon. This 
curve appears to have been first studied by Pascal, who so named 
it from a fancied resemblance to the form of a snail. When a = 6, 
the curve is the inverse of a parabola with respect to its focus and 
is called a cardioid. 

TJte Elliptic Lima^on. 

279. The form of the elliptic limaQOB is shown in the figure. 
The origin F is the point where the two internal foci of an oval of 
Descartes unite, and is also a conjugate point ; whilst the external 
focus Fi is the inverse of the other focus of the ellipse. Since the 
lima^on has a node at the origin and a pair of imaginary cusps at 

* Phil. Tram. 1867, p. 379; ColUeled Paptri, vrf, n. p. 336. 
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the circular points, it belongs to the ninth species of quartics for 
which Pliicker'e numbers are n = 4, 8=1, k = 2, Mt = 4, t=1, t=2, 
Z) = 0, and therefore has a triple focus, which is the point of inter- 
section of the cuspidal tangents at the circular pointR. 




280. To find the position of the triple foe 

Transform (I) into trilinear coordinates by writing 
/S = a;+iy, -f=x-iy, 1=1, 
and it becomes lyS? + i 6 (yS + y) /}• = a/^jS?. 

The cuspidal tangents at the circular points {$, T) and (7, /) 
are 2y + bl=0 and 20 + bI=O, or in Cartesian coordinates 
w — iy + \b = 0, 0! + ly + ^b = 0, which intersect at the point 
a:=~- ^b,y = 0, which is therefore the triple focus. 

From (1) we obtain 

FA=a-b, FB='a + b, AB = 2a, 
irova which it follows that if a point A' be taken on the opposite 
side of F such that FA' =FA, and S be the triple focus, 
FS = \A'B. Also the distance FF-^ can easily be shown to be 
equal to J {a? - b')!b, from which it follows that AF^ = (o - 6)V26, 
and is therefore positive ; whence F^ lies outside the curve. The 
vectorial equation of the curve is 

ar-6r,=i(a'-6') (2), 

which shows that F and F, possess the properties of foci. 
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281. Putting F,P = r,, PF^F= 0^, \ (a' - 6»)/6 =/= FF^, the 
polar equation of the curve referred to J", is 

'■i'-n(6' + <i»cos^,)/6 4/' = (3). 

Whence if F^PQ be any chord, the locus of the middle point of 
PQ is the hyperbolic linia90n 

r = i{6= + a'cos5,)/fe ; (*). 

also FP.F,Q = F,F^ (5>. 

Equation (5) showii (i) that the curve is its own 'inverse with 
respect to the external focus Fi, which is therefore a centre of 
inversion ; (ii) that the triangles FjQF and FFiP are similar ; (iii) 
that the circle circumscribing FPQ touches FF, at F. Also from 
the properties of inverse curves, the angles TPQ and TQP, made 
by the tangents at P and Q with F,P, are equal. 

282. Let the tangent at P meet FFj in L; let FPL = <t>, 
PLF, = f; then 

tan <l) = (a — b cos 0)lb sin 0, 

^ , a cos ^ - 6 cos 2^ 
**°^ = 6sin2^-osin^ 
The form of the curve shows that at the point of contact of 
the double tangent, (f> = ^-7r^0, wheoce 

co8^=ia/6, r = ^a (6). 

Accordiugly the points of contact of the double tangent will 
be real if a < 26. 

Making y a minimum we obtain 

cos^ = (a' + 26')/3a6 (7), 

which determines the two points of inflexion. In order that they 
may be real it is necessary that 2b>a>b. When a = 26, the 
vertex .^ is a point of undulation. 

283. The Cartesian equation of a lima^n is 

{a^+f+bxy = a'(a^ + y% 
which shows that the origin is a conjugate point or a crunode 
according as the lima^on is elliptic or hyperbolic ; also since the 
curve is of the ninth species, its reciprocal polar is another quartic 
of the same species. When 2fc > a > 6, the reciprocal curve has 
two real cusps, one crunode, a real double tangent touching the 



Digitized ByGOOgle 



THE ELLIPTIC LIMA^ON. 189 

curve at two imaginary points, and two iiDAginary points of in- 
flexion. When 26 = a, the vertex A becomes a point of undula- 
tion, and the reciprocal singularity is a triple point composed of a 
crunode and two real cusps. When a> 26 the points of iuflexion 
on the lima9on are imaginary, and the double tangent touches the 
curve at two imaginarj- points ; hence the reciprocal curve has two 
imaginary cusps and a conjugate point. 

When a<b, the lima^on is hyperbolic, and has two imaginary 
points of inflexion and a double tangent touching it at two real 
points. Hence the reciprocal curve has a crunode, two imaginary 
cusps, a double tangent touching the curve at two real points, and 
two imaginary points of inflexion. 

The reader will find it an instructive exercise to trace the form 
of the reciprocal curve when the origin of reciprocation moves 
along the axis of :c from plus to minus infinity. When the lima9on 
is elliptic and has two real points of inflesion, the form of the 
reciprocal curve, when the origin lies between the vertex B and 
the point of intersection of the two stationary tangents, resembles 
that of figure 5 of 1 159. 

28*. The limofon is the pedal of a circle with respect to any 
point in its plane. 

Let be the point, C the centre of the circle ; and draw OZ 
perpendicular to the tangent at any point P on the circle. Let 
CP=a,OO = b,POO=0. Then 

0F=a-6 cos ^, 
whence the locus of F is an elliptic or hyperbolic lima^on accord- 
ing as lies within or without the circle. When lies on the 
circle, a = b, and the pedal is a cardioid. 

285. If T he the tniddle poiiit of the arc PQ of the circle 
circumscribing FPQ (see fig. to § 279), then TP, TQ are the 
tangents at P and Q. 

Let FPL = tf>, F^PL = <(., ; then differentiating (2) with respect 
to s we obtain 

aco8^ = 6cosi^ (8), 

which gives the relation between the angles which the tangent 
makes with the two focal distances ; whence the theorem can be 
proved in the same manner as the corresponding property of the 
oval of Descartes given in § 268. 



Digitized ByGOOgle 



190 SPECIAL QUARTIC8. 

286. Tangents at the extremities of a chord through the ex- 
ternal focus subtend equal angles at the internal focus ; also the 
locus of their point of intersection is a cissoid. 

The first part follows at once, since 

TFP = TQP = TFQ = TFQ. 

To prove the aecond part, let TFFj = x; then, since OT ia 
peqrendicular to PQ, 

X^^-n--OFT=^FOT=^w-^d,; 

whence, if {x, y) be the coordinates of T, 



— :— = cosec'Y =aec'ift = , — — „ (9). 

y" ^ * ' 1 + cos (9, ^ ' 

Let M be the middle point of PQ, then 

OM sin 5, + F^M cos 9^ =/= (a' - fc')/26 ; 

also, by (4), F,M = (a? cos 5. + 6')/26, 

L f\tr a' sin' fl, -6^(1 + cosA) 
whence OM = WiT ■ o • 

2o sin &i 

Also OF=fta.ue,-OMsecdi 

^ 6(1+ cos ^0 
~ 2 ain ^, ' 

and a;-0J'8in^,= J&(l + cos^,) (10), 

whence by (9) and (10), the locus of T is the cissoid 

<ciai' + f) = bf (11). 

287. The locus of the point of int^section of two tangents at 
the extremities of a chord through the node is a nodal circular 
cubic. 

The equation of the lima^on in Cartesian coordinates is 

{a!' + f+bxy=a*i^ + y^) (12). 

Let (A, k) be any point; write down its polar cubic, transform 
to polar coordinates and then eliminate r by means of the polar 
equation of the curve, and we shall obtain 

{(a' - bh) tan' ^ + 26i tan ^ + a> + 6" + bh\' 

= a'(kt3.n0 + Zb + hy (1 + tan' 0), 
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which is the equation for detenniiiiDg the vectorial angles of the 
four tangents drawn from (h, k) to the curve. This may be 
written in the form 

(a' - bh) sin" 6 + bk sin' ^ + (a* + 6* + bh) cos* 

= a jytsin5+(26 + A)oos(?f...(13). 
Let PFP" be the chord; then if be the vectorial angle 
of P, ir + O must be that of Q ; whence, if (h, k) be the point 
of intersection of the tangents at P and P", (13) must be satis- 
fied by $ and ir + O. This requires that both sides of (13) should 
vanish, whence eliminating 6 between the two equations formed 
by equating both sides of (13) to zero, we obtain 

(a» - bk) (A +ny+k' (a* - 36» - bk) = 0. 
Transferring the origin to the point — 26, this becomes 

&F(** + i/') = (a»+2&')a^ + (a'-6»)S(' (14), 

which is the inverse of a conic with respect to its vertex. When 
a = b, the lima^on becomes a cardioid and (14) reduces to the 
circle 

jf + f^-abx, 

the centre of which is the triple focus. 

288. The form of (12) shows that the radius of the focal 
circle is equal to ^a, and that the distance of its centre from 
the nodal focus is equal to ^b. Since the radius S of the fixed 
circle vanishes on account of the lima<^n being the inverse of 
a conic, the theorem of § 206 becomes : — 

If from the nodal focus F a line be drawn to meet the curve 
in P, and if FQ be drawn to meet the normal at P in Q, such 
iKat the angle FPQ = PFQ, the locus of Q is the focal circle. 
Also if Fi be the external focus, the theorem becomes : — 
If from the external focus /', a chord F,PQ be drawn, the 
normals at P and Q intersect on the focal circle corresponding 
to F,. 

289. To find the p and r equation of the curve. 
We have, by the ordinary formulae, 

j> = r sin ^, 6 sin ^ = r cot <ft, 
, 6'sin'^ 



?=>+- 
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Eliminating ^ by (1), we get 



by (2), whence p •■ 



r* = pHfr'-«*+2ar) (15) 

= 26p»j-, (16), 

dr _ r'(A'-a' + 2ar) 
'^dp~p(26''-2o'+3ar)' 



It is shown in treatises on optica that the evolute of a lima^on 
is the caustic by reflexion of a circle. The evolute is a curve of 
the sixth degree*. 

2yO. If a triangle be inscribed in a given, circle, whose verteai 
A is fixed, and whose vertical angle A is constant, the locus of the 
centres of the ins(^bed and escribed circles is a limagon. 

Let be the centre of the inscribed circle, let AO = r, and 
let B be the angle which AO makes with the taugent at A. 
Then, if iZ be the radius of the circumscribiDg circle, and r' that 
of the inscribed circle, 

r'= 2iJsin J^sinJfisinJC; 
also r = r'cosecijl 

= Ji{co8i(B-0)-ain J4[. 

Also «=C+M = 4«— i(-B-^. 

whence r = fi(sin ^-sin J^}, 

and therefore the locus of is a limat^a. 

291. It can also be proved: (i) that a limagon is the locus 
of the vertex of a triangle whose sides slide on the circumferences 
of two given circles ; (ii) that it is the epitrochoid generated by 
a point in the plane of a circle which rolls on another circle of 
equal radius. 

The Hyperbolic Limafon. 

292. When a < 6, the equation r = a - 6 cos ^ represents a 
hyperbolic limai^n ; and the form of the curve, which is shown 
in the figure, consists of an outer portion and a loop. We have 

FA = b-a. FB = b + a, FF^ = (b'- a')l%. 

* Heath, Otonutrical Optics, p. 111. 
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Also since 1", A = J (fe - aflh, it follows that FA > F^A, and there- 
fore the focus J*, lies inside the loop. 




The two nodal tangents are inclined at angles ± cost' 0/6 to 
the axis ; also if P and Q are two points on the outer portion and 
the loop respectively, lying on the positive side of the axis, and 
iiPFA=x, QFA = x, 

FP = a -i- b cos X, FQ = b cos x' - «. 
since the corresponding values of are = Tr — x> ^ = 2ir — ;^'. 
The vectorial equation for a point P on the outer portion is 

ir, -«>• = * (*■-»■) (1), 

and for a point Q on the loop, 

. M + «r=|(6»-a') (2). 

Also the polar equation referred to the internal focus ^i is 

r,>--r,(6'-a'co8^0/&+/' = (3), 

from which it follows that if the line F^QP cut the inner and 
outer portions in Q and P, FiQ.F,P = F,F'; and that the locus 
of 8, the middle point of PQ, is the elliptic Uma^on 

F,S = ^{1^ -a' cos e,)lh (4). 

B. c. 13 
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The loop is therefore the inverse of the outer portion with 
respect to the iDbemal focus. 

293. It can also be proved, as in §g 285 and 286, that the 
tangents at the extremities of a chord FiQP drawn through the 
internal focus intersect at a point T on the circle circumscribing 
FPQ ; that T is the middle point of the an; QFP ; and that the 
locus of r is the cissoid x(a? +■ y-) = by'. 

It can also be shown, as in § 287, that the locus of the inter- 
section of tangents at the extremities of a chord through the 
nodal focus is a circular cubic. 

294. TJie tangents at t/ie points F and Q mbtend ai the node 
angles which are supplementary. 

Since the points FTPQ are concyclic, 

TFP = TQP = TPQ = -n- - TFQ. 

295. If a chord through the inierncU focus Fi meet the loop 
in Q and Qf, the angles which the tangents at Q and Q' make with 
FQ, F(^ are complementary. 

Let be the centre of the circle through FTPQ ; then, since 
this circle touches BX at F, 

XFT = FQT = ^FOT=^QF,F. 
Similarly, if the tangent at Q' meet the circle through F^P" 
in T', it follows that 

XFT' = FQ'T' = ^QfF,F, 
whence XFT + XFT' = FQT + FQT' 

therefore the angles XFT and XFT' and also the angles FQT 
and F^T' are complementary. Whence the angle TFT' is a 
right angle. 

If the chord through ^i meets the outer portion in P and P", 
a similar proposition holds good; hence the theorem may be 
enunciated as follows : — 

If a chord through the internal focus cut the curve in four 
points, and these four points be joined to the node, the angles 
which the tangents at any two of these points make with their 
respective radii are equal or complementary according as the two 
points are or are not the inverse points with respect to the 
internal focus. 
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296. If a chord through the internal focus Fi cut the outer 
portion in P, P' and the loop in Q, Q' ; and if the tangents at P 
and Q intersect at T ; those at P and Q in T" ; those at P and P" 
in 2",; and th(Ke at Q and Q' in Ti; then the foUoming relations 
exist between the angle at which any pair of tangents intersect, 
and the angle which the corresponding chord of contact subtends 
at the nodal focus, viz. 

(i) PTQ = PFQ. 

(H) PT'-Q' = PFQ-^-7r. 

(iii) PT^=PFP'-i[ir. 

(iv) qt.q-^^t-qfq: 

(i) Since the points FTPQ are concyclic, the first proposition 
at once follows. 

(ii) From the figure, we have 

pr'Q' = q-P = Q^-Q. 



Also 


PFq-PFQ+QFQ. 


But 


PFQ~PTQ=^-iQ, 


and 


QFF,-FPF, = Q-FPT 
-Q-iO.Q-iFF,Q. 


Similarly 


QfFF,.Q'-i, + iFF,Q, 


whence 


QFQ'.Q+Q--i^. 


Accoidingly 
(iii) We have 


PFQ^-Q'-Q + i-, 

-prq + iT. 

PT,F—7r-P-P 


also since the triangles FF,Q and FPF, are similar 
FrK=.FQF,~-,r-Q-FQT 

—r-Q-iFF,Q. 


Similarly 
whence 


PFF,-i-r-Qf + iFF,Q. 

PFF -|7r-g-e'-j7r + PTJ-. 

18—2 
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(iv) We have 



by (ii). 






The Trisectriic. 

297. One of the most interesting applications of the hyper- 
bolic lima^on is the triseotion of an angle. This is effected by 
means of the trisectris, which is the name given to the curve 
when b = 2a. 

Let a be the angle which is to be trisected. Through the 
vertex A of the loop draw a line PQR, 
cutting the trisectrix in P, Q and R such 
that the angle PAF = a. Join FR, and 
^E draw AE parallel to FR Let RFA =$. 
Then since b = 2a, 

FR = a(2cos0+l). 




n(a-^)- 



_(2co8e-l)'(l+co8(3) 

""'" (2C09^+1)'(1-C0S^) 

1 + cos 3^ 



I - COB 35 ' 

therefore cos ZB = cos 2a, 

whence' 30 = 2a. 

Accordingly EAF = & = |o = ^PAF. 

whence EA trisects the angle PAF. 



The Cardioid. 

298, When a = b, the lima90D becomes a cardioid, and its; 
equation may be written in either of the forms 
r..(l-c««)l 

rt-olV2.8illJ«) 

or («' + y»)' + 2aa!(a^ + !/") = ay. 



•■(1). 
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The cardioid (i) is the inverse of a parabola with respect to its 
focus, (ii) it is the pedal of a circle with reepect to a point on its 
circumference, (iii) it belongs to the class of curves r" = a."sinn^, 
whose properties have been discussed in § 67. 

We shall prove in the next section that the cardioid also 
belongs to the important class of curves called epicycloids, since 
it is the curve traced out by a point on a circle which rolls 
outside another circle of equal radius. 

The cusp J* of a cardioid is a triple focus, since it is the 
limiting position of the three single foci of an oval of Descartes. 

299. To prove that the cardioid is a one-cusped epicycloid. 




Let P be the point on the rolling circle which initially 
coincided with F. Then PFN = FOO' = PO'O = 0. Let 0F= ^a. 
Then if F is the origin 

ON = Ja + r cos ^ = a cos # — J a cos 2^, 

whence the locus of P is 

r = a (1 - cos ^). 

It follows from § 280 that the centre of the fixed circle is the 
triple focus corresponding to the point of intersection of the two 
imaginary cuspidal tangents. 

It will be shown hereafter that the evolute of an epicycloid is 
another epicycloid having the same number of cusps ; hence the 
evolute of a cardioid is another cardioid. 

300. The line PD is obviously the tangent at P, hence 
4, = FP¥'=^0. Let^ be the vertex, P the cusp ; PTthetangent 
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at P, JT perpeodicular to PT. AFY^x- Then the following 
results can be easily proved : 

FP'^FA.FY* (2). 

FY=2acos^iX (^)- 




The first equation is the p and r equation of the curve ; whilst 
the second is the pedal with respect to the cusp, or it may be 
regarded as the tangential polar equation of the curve. 

Another form of the tangential polar equation is sometimes 
useful. Transfer the origin to the triple focus E, then since 
FE = ^a, we obtain 

p' = FY— ^acos;^ 

= ia(4co8'i;(;-co9x) 

= §«Cosix (*)■ 

Equations (3) and (4) are the tangential polar equations of 
the curve referred to the cuspidal focus F and the triple focus E 
respectively. 

From (3) or directly, the tangential equation in Boothiaa 
coordinates is 

27a'(?' + '7') = 2(2 + ar)' (5). 

Equation (5) shows that the cubic 

is the reciprocal polar of a cardioid ; and if the origin be trans- 
ferred to the point a;= 4c, the cubic becomes 

which has a cranode at the origin, and therefore two of its thi-ee 
points of inflexion are imaginary. Hence a cardioid has one real 
double tangent, one real cusp at the origin, and two imaginary 
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cusps at the circular points at intiDity. Also the curve is of the 
third class. The curve accordingly belongs to the tenth division 
of quartics. 

301. Cuspidal chords are of constant length ; and tangents at 
their extremities interact at right angles on a fixed circle, whose 
centre is the triple focus. 




Let F be the cusp, C the centre of the circle of which the 
cardioid is the pedal ; Qq any diameter of the circle. Then if Pp 
be drawn through F parallel to Qq cutting the tangents at Q and 
q to the circle in P and p ; Pp is a cuspidal chord of the cardioid, 
and is equal to Qq. 

Let the tangents at P, p intersect in T; then 

TPF^FQP, 

TpP = Fqp = FQq = ^iT- FQP, 

whence TPp + TpP = ^-rr, 

and therefore PTp is a right angle. Also the triangles QFq and 
pTP are equal in every respect. 

Join At, Tt, where A is the other extremity of the diameter 
FC ; then tp = FP, Tp = FQ, also TpP = PFQ, whence the triangles 
Tpt and QFP are equal in every respect, and therefore Tip = ^ir, 
and TtA is a straight line. 

Draw TK perpendicular to AT; then since Tt = FR = ^At\ 
AK = ^AF, and therefore .K" is a fixed point. The locus is there- 
fore a circle whose centre E is such that FEs^^FA. 
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302. It follows from § 68, that the orthoptic locus of a 
cardioid must be a sextic curve ; hence the circle we have just 
found is only part of the locua We shall uow prove that : — 

If a chord syhtend an angle \tr at the cusp, the tangents at the 
extremities of the chord intersect at right angles on the Uma^on* 

r = fa(V3-2cose). 

Let TP, TQ be the tangents, and let TP intereect the cuspidal 
taDgent at t. Tbeu 

^■TT = PFQ = QFt - PFt 

= %{FQT-iT + FPT), 
whence •2it-T= FQT-<r FPT+PFQ = %tr, 

whence T = ^tT. 

The Cartesian equation of a cardioid is 

(«■ + / + «)•-»•(«? + !,■), 

from which it can be shown that the equation of the tangent 
at a point whose vectorial angle ia 6 is 

a;pinf^-ycosftf = 2asiu'i^ (1). 

Transfer the origin to the point — {a, and write 6 = fa, and (1) 
becomes 

xs\a%0-ycas\9 = bsixil6 (2), 

and the equation of the tangent at the point 5 + ^tt is 

a:cos|^ + y sin§^ = 63in(i^ + Jir) (3). 

Let 2;^ = 6, and square and add (2) and (3) and we obtain 
a^ + J,' = f {sin' X + sin= (^ + Jw)} 

= i6'|2-cos2x-cos(2x + i^)} 

= i6'(2-V3cosz) (4). 

where z = 1x + i^. 

Eliminating y between (1) and (2) we get 
2x = 26 {sin X sin 3;^ + siu (^ + Jw) cos Sx] 

= 6 {cos 2x - cos ix + sin (4^ + h"^) - sin (2x - J^)! 

= 6(V3coaa - cos 23) (5). 

■ Wolatenholme, Proe. Land. Math, Sot. vol. iv. p. 327. 
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Eliminatuig cos« between (4) and (3) we obtain 

8(a*+y'~6'')" + 66'(a:' + y'-&') + 36'(2ar-6) = (6), 

Transfer the origin to the point ir = ^b, and the equation 
reduces to 

i{x> + y'y + b{ic^ + t/')(iia:- 36) + Waf = 0, 

or r = ^b (VS - 2 cos ff). 

303. The angular points of a given triangle move round the 
circumference of a fixed circle; prove that the directrices of the 
system of parabolas which have a given focus and toxich the three 
sides ofihe triangle envelope a cardioid. 




Let ABG be the triangle, its orthocentre, / the centre of 
the circle, 8 the fucus of the system of parabolas. Then it is 
known from the geometry of the parabola (i) that S lies on the 
circle, (ii) that the directrix of every parabola which touches the 
aides of the triangle passes through the orthocentre, (iii) the pedal 
line of S is the tangent at the vertex of the parabola ; hence the 
directrix is parallel to the pedal lice KLM. 

Draw IZ perpendicular to the directrix, and let SIZ = ilr, 
MKC = <f,. Then 

p = /ir =. 2Sr + fi cos -f , 
and SY = R (cob B + cm I8K) cos >P; 

also ISK = JAS+ASK 





-lAL + SKL + KlA 




= iT-2ip-C + A, 


ISK 


.T-ir + 4., 


+ 


-Sii + O-A. 
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Accordingly 

p = -2R C09 [A + G) cos if> - 2Rqos(2^ + C - A)co6 <f> 

+ Rcos(3<f> + C ~ A) 

= -2Rcos(A + C)cos<I>-Rcob(iI> + G-A) 

= -2Rcob{A fC)cosi(f -(7+J)-ficofli(^ + 2C-24) 

(!)■ 

Let 

« cos a = 2 cos (^ + C) cos jKC - ^ ) + cos f(f7 - A), 
* sin a = 2 COB ( J + C) sin i(C - X) - sin g (C - J >, 
then 

^ = 1 ~8co8A COS Bcos (?= /O'/B'. 

Accordingly (1) becomes 

p = — 70cob(J^ — a). 

This is the tangential polar equation of a cardioid refen-ed to 
the centre of the circle, which is the locus of the points of inter- 
section of tangents at the extremities of cuspidal chords, as 
origin; and the radius of this circle is equal to 10. 

304. A parabola ts described touching a given circle and 
having its focus at a given point on the circle; prove that the 
envdope of its directrix is a cardioid. 

Let C be the centre of the circle, S the focus of the parabola, 
P the point of contact ; draw SX perpendicular to the directrix 
and meeting it in X. Let XSP = 0. X8C ^^, 8C = c; then 

^-e = CSP'=CPS=\0, 
whence 2i^ = 3^. Also 

S2" = SP(l+co8^) = 2ccos'i^ 
= 2ccos'Ji|r, 
which is the tangential polar equation of a cardioid. 

The Conchoid of Nicomedea. 

305. This curve was invented by the Greek geometer Nico- 
medes for the purpose of trisecting an angle, and may be described 
as follows. Let be a fixed point and AB a fixed straight line ; 
let OA = a, and draw a straight line OQ cutting AB in Q, and 
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produce it to P so that PQ = h; then the locus of P is the 
conchoid. 

Let A QO = 0, OP = r, then the polar equation of the curve is 

r = acimec6 + b (1), 

or (^ + S^)(y-«)' = 6Y (2). 

The origin is a double point, the tangents at which are 

a'3!' + (a"-6').v'-0, 

and is therefore a node, a cusp or a conjugate point, according as 
a < or = or > 6 ; also the line y = a ia an asymptote. 



The form of the curve is shown in the figure ; the dotted line 
represents the curve when a>b, and the dark line when a<b. 

The curve has also a real tacnode at intinity on the asymptote ; 
for if the origin be transferred to the point A, (2) may be written 
in the form 

- a=6» - 2(% + y" {a? + (y + a)' - b'} = 0, 

which is of the same form as the first equation of § 188. If there- 
fore the point is a node, the curve is a trinodal quartic and 
belongs to species VII ; if on the other hand is a cusp, the 
curve belongs to species VIII, and ia of the fifth class. 

The curve obviously passes through the circular points ; hence 
a circle which passes through the node cannot intersect the 
conchoid in more than four other points. Also if the equation of 
the upper portion be r = a cosec ff + b, that of the lower portion 
will be J- = a cosec ^ — 6. 

306. We shall now show how the conchoid can be employed 
to trisect an angle. 
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Let POM ==4, be the angle which is to be trisected. Bisect 




OP in A, and draw AM perpeDdicular to OM. Let Oj4=!=&, 
AM=a. 

Through P draw the conchoid r = acosec^ + 6, the origin 
being and the initial line OM. With .il as a centre describe a 
circle of radius AO cutting the other brauch of the conchoid in 
Q. Then the angle QOM = ^POM. 

Let QOM = 0, theo since Q lies in the lower branch 

OQ = aco8ec^-6, 

also AM^a^bain^, 

and OQ = 26cos(^-^), 

whence 2 cos (^ — ^) sin ^ = sin 1^ - sin 6, 

or sin (^ — 20) = sin 0, 

and therefore <f>=^3d; 

accordingly OQ trisects the angle POM. 
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CHAPTER XL 



MISCELLANEOUS CURVEa 

307. In the present chapter we shall consider a variety of 
miscellaneous curves, some of which like the cycloid and catenary 
are transcendental ones, whilst others like the three- and four- 
cusped hypocycloids are algebraic curves which are particular cases 
of a general class of transcendental curves. 



The Cycloid. 

308. The cycloid is the curve traced out by a point on the 
circumference of a circle which rolls on a straight line. 

To find the equation of the cycloid. 

Let a be the radius of the rolling circle CPG, which rolls on 
the tine AG; and let P be the point which initially coincided 







."1 
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with A. Let (x, y) be the coordiDatea of P referred to BX and 
fiF, as axes of X and ^; and let GO7* = 0. Then 

^ff = arc GP = a4>, 
and therefore AY^aw. 

Now X = a (it — <l>) + a sia ip] 

y = a + acoRif> J '' 

whence x = a cos"' (o — y)ja + (2ay — y*f. 

Since PC is the direction of motion of P, PC is the tangent 
and PO is the normal at P. 

309. The evolute of a cycloid is an equal cycloid. 

Let PCX^yjr; then ^ = 7r — 2^, and (1) becomes 



x=2a^ + aBin2-ilt\ 
y = a — a cos 2^ j 



■(2), 



ds 
whence , =p = 4aco3'^ (3), 

and a = 4a sin -^ (4), 

no constant being required, since s = when ■^ = 0. 

Equation (3) shows that p = 2PG, whence if P' be the centre 
of curvature of P, the evolute is another equal cycloid A'P'A, 
whose vertex A coincides with the cusp of the original cycloid. 

Equation (4) proves the isochroQism of the cycloid : for the 
equation of motion of a particle sliding down a cycloidal tube 
under the action of gravity is 
d'a 



dt" 



1-/^3 sin 1^ = 0, 



or ^ + Op/io) a - 0, 

whence the time of motion from any point P bo B is 7r{ajfig)K 

Squaring and adding (3) and (4) we get 
BP* + PP''' = GC'\ 

310. If a parabola be described which touches a cycloid at the 
vertex B, and whose lotus-rectum is the line joining tfie adjacent 
pair of cusps, any double ordinate to the parabola drawn from a 
point on the arc joining the extremities of the laixa-rectam is e^ial 
to the intercepted arc of the cycloid. 
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Through P draw a line PM perpendicular to BY, and cutting 
the parabola in Q. Then 

Qjlf' = 8« . -BJf = 16a' sin' 1^ 
by the second of (2) ; whence 

Qitf=4a9in'f = BP. 

311. To find the tangential equation of the cycloid. 
Let PC meet YB produced in B ; theo 

^~^ = BG=2a<^. 
tan ^ = — f/ij, 
whence 1+ 2o| tan"' f /ij = (5). 

Epicycloids and Hypocydoids. 

312. The epicycloid is the curve traced out hy a point on the 
circumference of a circle which rolls outside another circle. 

To find the equation of an epicycloid. 

Let a and b be the radii of the fixed and rolling circles, so that 
OQ = a, 0'Q = 6; also let* QOA = 0, PO'Q = 't>, where P is the 
point which initially coincided with A. Then since 

arc JQ = arci'Q, a0 = b<f,; 
whence the coordinates of P are given by the equations 

a; = (a + 6) cos fl - 6 cos (a + 6) d/b\ . 

y = la + b)8me-bam(a + b)0lb\ ^ '' 

the elimination of 8 between these equations determines the 
Cartesian equation of the curve. 

The line HP is the tangent to the curve at P, whence if 
OY=p, where OF is perpendicular to EP, we have 

OTE = w-^^. p = (a + 2fc)sin^0; 
also f =^ + i0 = i(a+26)0/a, 

whence p = {a+ 2&)siD - JCy (7). 

IB the point between O and T where 
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This is the tangential polar equation of an epicycloid and is of 
the form j) = c sin n^ ; it is also the pedal of the curve with respect 
to the centre of the fixed circle, and the inverse curve is the 
reciprocal polar of the epicycloid. 



^d^- {a + 2by^ ^^*' 

which shows that the radius of curvature is proportional to the 
perpendicular from the centre of the fixed circle on to the tangent. 
Also since p = dsjd^, we obtain from (7) and (8) 

46 (a + 6)/, a^ \ ... 

which is the intrinsic equation of the curve, s being measured 
from A. 

The p and r equation of the curve seems to have heen first 
given by the Jesuits in their notes to Prop, n, of Newton's 
Principia, and may be obtained as follows. Let OP = r; then 
r* = (a + 6)' + 6" - 2 (a + 6) 6 cos ^ 
= a' + 4 (a + 6) & sin* i0 

, 4(a+6)fcp' 
-"+ (a + 26)= ' 

whence P* = i-(^^)-6V 

313, The evotute of an epicycloid is a aimiiar epicycUnd. 

The evolute of the curve is the envelope of the normal PQ. 
Now if OZ be the perpendicular from on to the normal 

OZ = a cos i ^ = a cos ai(r/(a + 26), 
which is the tangential polar equation of a similar epicycloid. 



v(r»-«") ■■■■ (10)- 



Digitized By Google 



ROULETTES. 209 

All cjcloidal curves belong to the class of curves called 
roulettes, for the complete discussion of which we must refer to 
Dt Besant's Notes on Roulettes and Glissettea. We shall ooly give 
one proposition on the subject. 

314. A curve rolls on a straight line; it is required to find 
the roulette traced by any point Q. 

Let QA be a Hne fixed in the plane of the rolling curve AP, 




and let OP be the line on which it rolls. Let A initially coincide 
with 0. Then if (x, y) be the coordinates of Q referred to 0, 
ON=x, QN^y; 

also if {r, 0) be the polar coordinates of P referred to QA, in the 
plane of the rolling curve 

AQP=0, QN = p, QP = r, QPN=4>. 

whence y—p> *-tUi'l> = div/dy = rd0/dr) 

y = raiaif> = rdxjds ) 



..(ii> 



then 



315. If the roulette is cm ellipse, the rolling curve is an 
epicycloid. 

Let the roulette be 

iE*/a" + y'/6* - 1, 

whence by (11) 

or r* = 6'/o* + e'p*, 

which is the p and r equation of an epicycloid. If therefore an 
epicycloid roll on a straight line, the locus of the centre of the 
fixed circle is an ellipse. 
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316. To find the tangential equation of an epicycloid. 

Through draw a line OF' perpendicular to OT cutting the 
tadgeot in Y' ; then 

OT _ gin^0 

whence t-^^SML+M^ n^V 

whence ^-<a + 26)8inia^/6" <*^'' 

OF' _ _siM*_ 
'UE~coB(^4> + e)' 

whence ? = / , al/ - t ^ T i (13); 

(a + 2t>) sin iatf/b ' ' 

the elimination of ^'hetween these equations furnishes the re- 
quired result. 

The one-cusped epicycloid, as we have already shown, is the 
cardioid, and its tangential equation is 

27oM?' + V)(l-af) = * (1*), 

whilst those of the two- and four-cusped epicycloids are 

*a'(r + '7=)(l-at') = l-- (15) 

and (66)«(?' + '?^)fV = *(276"(f' + y)-l}' (16) 

respectively. The foi-mer curve is of the fourth class and it 
cannot be of lower degree than the sixth, since the common 
tangent at the two cusps haa a contact of the second order with 
the curve at these points. Its Cartesian equation b 

4(a!* + y-a7 = 27aY (17). 

317. The hypocycloid is the curve traced out by a point on 
the circumference of a circle which rolls inside a fixed circle. 

The coordinates of any point on a hypocycloid can he shown 
to be 

a; = (a _ 6) cos (3 + fc cos (a - b) ejh) . . 

y = {a~h) &inB -bs,m{a-b)eih] ^ '" 

whence the corresponding results for a hypocycloid can be deduced 
&om those of an epicycloid by changing the sign of b. 

A two-cusped hypocycloid is a diameter of the fixed circle, 
as can be at once shown by elementary geometry. The three- 
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and four-cuBped hypocyclojds possess many remarkable properties, 
and will be discussed separately. 

318. In the preceding section we have tacitly supposed that 
the radius of the fixed circle is greater than that of the moving 
circle ; we shall now show that if the radius of the latter is greater 
than that of the former, the hypocycloid becomes an epicycloid 
generated by a rolling circle whose radius is equal to the difference 
between the radii of the two circles. 

Let AQB and QPR be the fixed and rolling circles, 0, 0, their 
centres ; a and b their radii ; and let E be the point with which 




P was initially in contact. Let 

EOQ^e. ^0,P = <f,. 

Let R be the other extremity of the diameter through Q of 
the moving circle, and draw IIP to meet the diameter AB of the 
fixed circle in C. 

Since BQA and OP A are right angles, and OQ=OB, it follows 
that GB = QR; whence 

J(7=2a + £C = 2(a+6); 

whence is a fixed point, and a semicircle can be described 
through- APC whose radius is a + b, and centre Oj. 

Again arc ^ff = <x (S + 0) = (a + 6) 0, 

arc ^P = (a + 6) .d O.P = (a + 6) *, 

whence arc AP = arc AE. Accordingly the epicycloid which is 
the locus of P may be generated by the circle APG whose radius 
is a + 6 rolling on the fixed circle in such a manner that their 
concavities are in the same direction. 

14—2 
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Trochoidal Curves. 



319. The trochoid is a curve described by any point in the 
plane of a circle which rolls on a straight line. 

Trochoids are sometimes called prolate cycloids and curtate 
cycloids according as the point lies within or without the rolling 
circle. The equations of a trochoid can easily be shown to be 

■,-»(l-mcoee)t '""■ 

where m is less or greater than unity according as the point lies 
within or without the circle. 

320. When a circle rolls on another circle, the locus of any 
point in the plane of the moving circle is called an ^{trochoid or 
a hypotrockoid according as the latter rolls on the exterior or the 
interior of the fixed circle. 

If c be the distance of the point from the centre of the rolling 
circle, the equations of the epitrochoid are 

x=(a + b)cos0-ccm{a + b)0lb] 

y = (a + b)sia0-csia{a + b)0lbj ^^'' 

whilst those of the hypotrochoid are obtained by changing the 
sign of b. 

When a = 6, the epitrochoid becomes a lima^on. 
Transfer the origin to the point x = — c; then (20) become 
w = 2(a — c cos 0) cos 0, 
y=2(a — cQoa0)ain0, 
whence 8 is the vectorial angle, and the polar equation is 

r = 2 (a — c cos $), 
which is a lima^on. 

In (20), put 

a = (m-l)6, «i6 = c (21) 

and change the direction of the axis of y, and we obtain 

a: = 2c sin ^{m + 1) ^ sin ^(m - 1) $, .-cle, 

y = 2ccoBU7n + l)0am^im-l)8; J"^ 
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also if if> is the angle which the radius vector makes with the axis 
of y, 

and the polar equation of the curve becomes 
„ . m-1 

or r=2c8inn^ (22), 

where n = (m — l)/(wi + 1). 

Iq the case of the epitrocboid, a and b are both positive; 
accordingly from (21) it follows thattn> l,and therefore 0<n< 1, 

In the case of the bypotrochoid we must put 

a = (TO + l)6, c^mb (23), 

from which it follows that to > — 1 ; and therefore » may have any 
value which does not He between zero and unity, 

321. The pedal of an epicycloid or a hypocycloid with respect 
to the centre of the fixed (drcle is an epitrockoid or a hypobrochoid. 

For if in (7) we put a = (m — 1) 6, the equation of the pedal is 
of the form (22). Also the reciprocal polar of an epicycloid or a 
hypocycloid ia the curve 

rsin7i^=c (24.). 

An example of this proposition has already occurred in the case of 
the cardioid, whose pedal with respect to one of the triple foci is 
r = c cos \ 6. 

322. When the radius of the fixed circle ia dovhle that of the 
rolling circle, the hypotrochoid becomes an ellipse. 

Putting — 6 for 6 in (20), and then writing a = 26, the equation 
of the curve becomes 

(b-cy^{b + cy 

323. To find the orthoptic locus of an epicycloid*. 

, Let m = a/(a + 26) ; then by (7) the equation of PY, see figure 

t))^ to § 312. is 

X sin ^ — y cos ^ = (a + 26) sin m^jr, 

**!"»> • WolBteoholme, Proc. Land. Math. Soe. voL it. p, 880, 
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and that of the perpendicular tangent is 

a: cos ^ + y sin ■^ = (a + 26) sin m ( Jtt + ■•^), 
whence 

:e = (a + 26) {sin m (Jir + '^) cos ^ + sin itv^ sin ■^) , 
yim{a-\- 26) {sin m { Jtt + ■^) sin -^ — sin mi^ cos -^l. 
These equations may be written in the form 
a: = (a + 26)[BinJ(l + ni)7rco8(l -m)(i/r + Jw) 

+ cos i (1 + m) TT sin {(1 + m) ^ - J (1 - m) Trj], 
y = (a + 26) [sin i (1 + »») T ain (1 -m){-<^-\- \-n) 

-co8i(l+m)wco8|(l + m)^-i(l-m)7r}]. 
Let (l-m)(^ + Jjr) = (9, 

and the equations may be written in the form 
a: -= <o + 26) lain i (1+ m) TT cos 5 - cos i (1 + m) TT cos '^^^t^l 

y = (a + 26)|9ini(l+m)irsin^-C08l(l + '«)TBiny~^l, 

which are the equations of an epitrochoid. Whence if A and B 
be the radii of the fixed and rolling circles, and G the distance of 
the fixed point, 

A + B = {a + 26)sinl(l + »t)ir 

-d+g_ l + OT a + 6 
5 \-m~ 6 ■ 

To verify this result in the case of a cardioid, put a = b, and we 
get 

A=B = S^Sa/i, C = 3a/2, 

and the locus is the limaQon 

r = fa(v'3-2co3^), 
which agrees with | 302. 
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The Tkree-cusped Hypocycloid. 

324. The three-cusped hypocycloid is the curve traced out by 
a point on the circumference of a circle which rolls inside another 
circle of three times its radius. 

Putting a = 36 in ( 18) of § 317 we obtain 

xjh = 2 cos ^ + cos 2«'l . , 

yjb = 2 sin ^ - sin 26] 
whence squaring and adding we get 

i C^ - 56») = f cos 3tf = 6= cos ^ (4 cos' 5 - 3). 
But from the first of (I) we get 

31 + 6 = 26008^(1 + cos 5) (2), 

y^-56' 4.cos'e-3 ,„. 

^^^"""^ 26(^+6)= i^^^e ^^>- 

Substituting the value of cos' 6 from (2) in (3) we get 

(l + co8 5)(r'+86ic+36') = 2(a; + fc)(2a: + 36) (4). 

Eliminating 6 between (2) and (4) we obtain 

(t^ + 126ic + 96'y = 46 (2a; + ^Vf, 

or r*+186V=-86ai' + 246ay=276* (5), 

which shows that the curve is a tricuspidal quartic ; and therefore 
belongs to species X. 

The tangential equation of the curve is 

which shows that the only double tangent the curve has is the line 
at infinity, which touches the curve at the circular points, 

325. The orthoptic locus of a three-cusped hypocycloid is a 
circle. 

Let and (7 be the centres of the fixed and moving circles, 
and let A be the initial position of the moving point P. Then if 
OCy cuts the moving circle in E and Q, PE is the tangent at P. 
Let TP" be the perpendicular tangent. 
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Then by the mode of generation 

P(yQ-3AOQ-2PEQ; 
if therefore the tangent PE meet OA in ;, 

A0Q-20tE , 



•■(«)■ 




Now it Ti" out OB in C, 

fOE.BOA-AOQ 
-Jir-20(B. 

Aiao by (6) if OF be drawn through the centre of the moving 
circle corresponding to P", 

tOF^mtP 

-HiTT-OMA) 
-Jir+20<£, 
whence fOE+lfOF=Tr, 

and therefore EO and OF are in the same straight line ; accord- 
ingly 

OE . OF. OT. 

and therefore the locus of T is a circle whose radius is equal to 
that of the moving circle. 
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326. To find the tangential polar and the intrwmc equations of 
the curve. 

Let 0¥=p, OE=a, OtY=0, 

then since we have ahown that OEY= 3^, it follows that 

j> = a sin 3^, 
or p = ~ a cos 30, 

if <f) = ^ — 0. The intrinsic equation is 

s=fa(l-cos3tf), 
and the p and r equation is 

327. The portion of the tangent contained wUkin the curve is 
of constant length. 

Join PP' and draw OZ perpendicular to PF". Since C/PE 
and OET are a pair of equal isosceles triangles, PE = ET; 
similarly TF'^ FP'. and therefore EF is parallel to PP'. Whence 
PP' = 'iEF=4>0E. 

Produce TO to meet PP" ia H; then since is the middle 
point of TH, it follows that OZ=OY; hence FF' touches the 
hypocycloid. 

The line OH hisects PP" in £[; whence if two tangents be 
drawn to a three-cusped hypocycloid which are at right angles to 
one another, the chord of contact is also a tangent to the curve, 
and is bisected by the line joining the centre with the point of 
intersection of the perpendicular tangents. 

328. If three tangents be drawn to a three-cusped hypocycloid, 
two of which are at right angles, the third tangent is perpendicular 
to the chord of contact of the other two. 

Draw TZ perpendicular to PP" cutting OE in Z' ; let 
E0A = 4,. Eto^e. 
Then since OZT is a right angle 

O^'^OTcosTO^'. 
But Or=.a, and TOZ' = ir - 2TE0 = t ~ 60 = ir ~ S4> ; 
whence OZ" = — a cos 30, 

and therefore TZ" touches the hypocycloid. 
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329. The locus of the poini of intersection of two tangents 
which int^aect at an angle Jtt is a curve aimtlar to the pedal of the 
hypocycUnd. 

Let Qt,Qt!\» the two taogents which cut OA, OB in t and ^. 
Draw OY, OZ perpendicular to Qt, Qt:, and let 
QOA'^e, QtO = ^, OQ = r. 




Since ^■7r=-fOt = ifQt, 

a circle can be described through tOQt', whence ^ = QtO = QfO. 
Accordingly the tangents Qt, Qtf are equally inclined to OA, OB, 
and therefore the perpendiculars OF, OZ are equal; whence 
0Q7 =^ir, and 

r = 20r=2a8in3.^, 

and S + <f, = ^-ir, 

whence r = 2a cos SB. 

330, The envelope of the pedal line of a tnai^le is a three- 
cusped hypocycloid, whose centre is the centre of the nine-point 
circle of the triangle. 

Let P be any point on the circumscribing circle of the triangle 
ABC; ELM the corresponding pedal line ; F the middle point* of 




' Not ebown in the flgnre. 
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AC; I and the centres of the circumscribing and nine-point 
circles of the triangle. Draw OY perpendicular to KM, and let 

Or=p. IA=R. YKA = il>. 
Then since IFA = Jt, 

p = FK mn 4, -OF COB (4, + OFI) 
= R 3ia IPK Bin <f>-^Rcoa(<f>-\-C- A). 
Now IPK = IPA + APK = lAP + APK 

= IAL + PKL + KLA 

whence 2p = 2-Hain(2^+ C - A)sia4f>- R<mb(<I> + C- A) 

= -RcoB(S>f> + C--A), 
which in the tangential polar equation of a three-cusped hypo- 
cycloid, the radius of whose rolling circle is equal to ^R. 

This theorem seems to have been first discovered by Steiner, 
and has been discussed by several British mathematicians. The 
preceding proof is due to Dr Besant. 

331. If a rectangular hyperbola circumscribe a triangle, the 
envelope of its asymptotes is a three-cmped hypocycloid. 

Let be the centre of the hyperbola, N that of the nine-point 
circle of the triangle ABC; E and F the middle points of AC, 




AB. Then lies in the nine-point circle, and if a point L be 
taken on AC such that EL=OE, OL is an asymptote of the 
hyperbola. 
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Draw IfT perpendicular to OL. and let NY=p, OLE~ ^ ; 
then p = ^RcoaONY, 

and 0!^Y=^-7r-NOE+<l>==OFE + 4, ; 

also since FOE= A, 

OFE=ir-A -OEF 
= C-A+2<f>, 
whence ONY = C - ^ + 30, 

and therefore p =^fi cos (30 + — A). 

If a triangle be self-conjugate to a rectangular hyperbola, it is 
known that the centre of the hyperbola lies on the circle circum- 
scribing the triangle, and that the curve passes through the 
centres of the inscribed and the three escribed circles of the 
triangle. Hence the preceding theorem shows that the envelope 
of the asymptotes of all rectangular hyperbolas to which a given 
triangle is self-conjugate is a three-cusped hypocycloid, whose 
centre is the centre of the circumscribing circle of the triangle. 



The Four-cusped Hypocycloid. 

332. Putting a -45 in (18) of § 317, the equations of the 
curve become 

a; = 36 cos ff + b cos 3( 



■°°":!| «• 

= a sin' J 



jr = 36 sin 5 - 6 sin 35 = 
whence the Cartesian equation is of the form 

«' + j'-o' (2)- 

The curve therefore belongs to the class of curves discussed in 
§ 55. Equation (1) may also be expressed in the form 

(a'-ar--fy = 27a*x'y' (3), 

whilst its reciprocal polar is 

^-H <*^ 

which shows that the hypocycloid is bf the sixth degree and fourth 
class. 

The characteristics of the curve are most easily investigated 
by means of the reciprocal curve. 
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This curve has a comples bi6ecDode at the origin, and from 
§ 188 it has a pair of real biflecuodes at iDfiDity which are situated 
on the axes of x and y respectively. The quartic therefore belongs 
to the seventh species ; if therefore we employ the letters S, k, t, t 
to denote simple singularities, and the symbols Sij, nt, to denote a 
bifleenode and its reciprocal singularity, which by § 166 consists 
of a pair of cusps having a common cuspidal tangent, Pliicker's 
numbers for the reciprocal polar of a four-cusped hypocycloid are 

« = 4, 5=0, *=0, m=6, T=4, t = 0, St, = 3, 

and therefore the characteristics of the four-cusped hypocycloid 
are 

n = 6, 5 = 4, «r=0, m = 4, t=0, » = 0, t«, = 3. 

All the four nodes are imaginary and are situated on the lines 
a: ± y 3 ; whilst two of the singularities t«, are real and consist 
of the two pairs of cusps on the axes of x and y respectively, and 
their common cuspidal tangents. The third singularity t*, con- 
sists of a pair of imaginary cusps at the circular points and their 
c«mmoQ cuspidal tangent, which is the line at infinity. This may 
be proved by writing (3) in the form 

16 (aV - /S7)' + 27a'/' (yS* - 7')* = 0. 
The reader will observe that when dealing with sextic and 
other curves having compound singularities, the latter must be 
considered as a whole, instead of the simple singularities of which 
they are composed. 

333. The portion of the tangent to a four-cusped hypocycloid, 
which is intercepted by two real cuspidal tangents, is of constant 
length. 




Let AB be a line of constant length a, which slides between 
two lines at right angles. Through E the middle point of AB 
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draw OEQ so that EQ=OE. Draw OY, QP perpendicular to 
AB; let ^Or= ^,(ic,y) the coordinates of P. 

Since QA. QB are perpendicular to OA, OB; PB is the 
direction of motion of P, and therefore AB touches the curve 
enveloped by it at P. Now 

x = BPsva^ = AYsm^ 

= a sin' 0, 
similarly y = a cos' ^, 

whence the locus of P is the bypocycloid 
a^ + yi = a*. 

Accordingly the four-cusped hypocycloid is the envelope of a 
straight line of constant length, which slides between two straight 
lines at right angles to one another. 

The equation of the pedal and the p and r equation are 
respectively 

r= Jasin 2^, 

»■" = «' -Sp', 
whence P = - rdrjdp = 3p, 

and the intrinsic equation is 

s = \a sin' -if, 
where i/f = ^ir — 0. 

334. The orthoptic locus is a curve similar to the pedal. 

Let AB and CD be perpendicular tangents intersecting at T; 
let 0T= r, TOA = 6. Then since CD = a. OCD = <f>, 

TF = a cos <l> Bin <f,= OY, 

whence ^ = Jir + ^, r = p t/2, 

accordingly r = — (af^) cos 26. 

335. // the tangent at P is the normal at T, then OP = OT. 
From the p and r equation we have 

02" = a'-32'F' = a'-3p', 
whence OT=OP. 
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The Evolute of an Ellipse. 

336. Let (x, y) be the coordinates of the centre of curvature 
of a point on an ellipse whose excentric angle is ^ ; and let ^ be 
the angle which the normal makes with the major axis. Then 

x = a COB ^ — p cos ■^, 
and a cos if' =p coa ^, pp = a* sin' + f cos* ^, 

whence aa; = (a}— h") cos' 0, 

6y = (a* — h") sin* ^. 
Accordingly the equation of the evolute is 

The form of this equation shows that we cannot deduce 
properties of the four-cusped hypocycloid by supposing an ellipse 
to degrade into a circle ; but if the equation be written in the 
form 

W^)l+(y/B)l-l, 

properties of the evolute may be deduced from those of the 
hypocycloid by orthogonal projection. 

337. In the figure, let CZ be the perpendicular from the 
centre of an ellipse on to the normal at P, the centre of curva- 




ture, and OQ perpendicular to PO. Then iiCZ=p', ZCA = ^-ir—\lr, 
it follows from the properties of the ellipse that 

, p„ _ (a' — f) sin ifr cos if- 
^ " ~ (a'coa^A^'+ft'sin'^)' ' 
and therefore the pedal of the evolute is the sextic curve 

(ay + b'^) (a^ + y'Y = (o» - 6")' aif, 
whilst the orthoptic locus is the sextic curve given at the end of 
§68. 
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338. To prove that the radvua of curvature is equal to 30Q. 

We shall first prove that if p be the radius of curvature of auj 
curve, and ^ the angle which the normal makes with the axis of 
X, then the radius of curvature of the evolute is — dp/d^lr. 

Let the accented letters refer to the evolute ; then 
da' = df>, ^' = Jw — -^1 
therefore p' = ds'jd-^' = — dpfd-^. 

Again, since p' = CZ = dpjd-^, 

we obtain p' = — p'dp/dp. 

From the properties of the ellipse 

fp = a'b', 
whence - dp/dp = Sp/p, 

also p' =P- OQ/p- 

Accordingly p' = SOQ. 

339- If the tangent at any point P intersects the curve in Q 
and R, the locus of the point of intersection of the tangents at Q and 
R is an ellipse. 

If the equation of the curve is 

Wa)"+(!,/6)l-l (1), 

theequation A,+ _^.l (j), 

is that of a curve which passes through the points of contact of 
the tangents from (h, k) ; also the equation of the tangent at any 
point {/, ff) is 



^^bk^='' (3). 



Let {h, k) be the point of intersection of the tangents at Q and 
R ; then since (x, y) and (/, g) are points on the evolute, we may 
write 

w = a cos* ^, y = b sin' 0, 
f= a cos''^, g = isin'^, 
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and (2) and (3> become 

-sec + r cosec ^ =s 1 (4), 

52^ + ^2^.1 (5). 

cos 1^ am ^ * 

Let X = tan ip, theo (4) may be written in the fonn 






(^■ + ^>-^(M'-')^'4-'' W- 



This equation determines the valne of at the four points of 
contact of the tangents from (A, k). Equation (5) determines the 
value of X in terms of ^, and is a sextic equation in X. The 
sextic obviously contains (X — tan i^f as a factor ; and the quartic 
factor will be found to be 

X* + 2(X' + X)tan-f + tan'-^=0 (7). 

Since (6) and (7) are satisfied by the same value of X, it 

follows that 

^ + ^ = 1 
a' ^ 6» ^• 

tan ^ = akjbk. 

The first equation determines the locua of (k, k) which is an 
ellipse; whilst the second gives the value of ^ in terms of (h, k). 
When the evolute degrades into a four-cuaped hypocycloid, the 
locus becomes a circle. 

The reciprocal theorem is as follows : — 

If two tangents be drawn to the reciprocal curve from a point 
on itself, the envelope of the chord of contact is an ellipse, which 
becomes a circle when the curve is the reciprocal polar of a four- 
cusped hypocycloid. 

3iO. To find the tangential equation of the evolute of the 
evolute of an ellipse. 

The equation of the normal to the evolute at is 

X cos ^ + y sin -^ =p — p, 

„ cos^ sin-^ 

whence f = , v = — - : 

P-P P-P 

B. C. 
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accordingly 



Therefore a'f + H'rf =p> {f» + t,'), 

also <p-P)*-p.(y--i^) . 

whence the required equation is 

(a'p + iV)" - (»■ - f)* (i^- - »■{')", 
and is therefore a curve of the eighth clasa, 

341. The evolute of an ellipse can also be generated in the 
following manner, which can be proved directly or by ortht^onally 
projecting a four-cusped hypocycloid on a plane parallel to one of 
the cuspidal tangents. 

Fr(ym any point P on an ellipse draw perpendiculars PM, PN 
to the major and minor axes ; draw Ma parallel to the tangent at 
P to meet CP in E; draw EL perpendicular to the major axis 
cutting MN in R. Then MN is the tangent at R to the evolute of 
an ellipse. 

342. The evolute of an ellipse has two real single foci, which 
are the foci of the ellipse. 

We have shown in § 65 that the tangential equation of the 
curve 

whence if (a, |S) be the coordinates of any focus 

<«+'^)"(i-ii)=i <!)• 

But ^ = {a»-6»)/a, B = (a»-6')/6, 

whence (1) becomes (a + t^f = a' — 6', 
and therefore a = ± (a' - 6")*, /3 = 0. 
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Equation (1) may be written 

a + </S-±- 



which shows that the two real single foci of a four-cusped bypo- 
<^cloid are at infinity in opposite directions on the axis of m. 



The InvoliUe of a Circle. 

343. Let PQ he the tangent at any point Q of a circle of 
radius a; and let QP=QA, where ^ is a fixed point; then the 




locus of P is the involute of a circle. 

Let OP'-r, POM = e, QOA = <f>. 

Then rcos(<f,-0) = a, aip = PQ = r ^n {<p - 0), 

whence, eliminating 4>, we get 

(r" - ffl')* = a0+ cos-' ajr. 

The coordinates of P are also given by the equations 

ic = a cos ^ + a<p sin ^, 

y = o sin — a0 cos ip. 

Since PQ is equal to the perpendicular from the centre on to 
the tangent at P to the involute, the p and r equation is 

and the tangential polar equation is 
p = a<f), 

whence, as will appear in § 349, the pedal of the involute is the 
spiral of Archimedes. 

16—2 
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344. If the involuifi of a circle roll tm a straight line, the locus 
of the centre of the circle of which it is the involute is a parabola. 

If (x, y) be the coordinates of the locus of referred to the 
point on the straight line with which A waa initialljr in contact, 
we have by § 314, 



tan^i 



dx p 

"dy"(^-p')k = 

y' = 2ax. 



The Catenary. 

346. The catenary is the curve in which a flexible inelastic 
string hangs, when suspended from two points under the action of 
gravity. 

To find the equation of the catenary. 

Let A and B be the points of suspension, C the lowest point 
of the string. Let T be the tension at any point P of the curve ; 
wc the tension at the lowest point C, where w is the weight of a 




unit of length ; s the length of the arc GP ; •^ the angle which 
the tangent at P makes with the horizontal line 00. 
The equations of equilibrium of CP are 

Tcos-^ = wc, 7'sin'^ = wfi, 

whence « = ctani^ (1), 

which is the intrinsic equation of the curve. 



Now 
whence 



, ds , , d^ir 

secilr = -}- = csec*iL' ,-, 

^ dx ^ dx' 

a: = c log (tan ■^ + sec ^), 
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from which we obtain 

-^ = tan ifr = sinh x/c, 

and therefore y = ccoBhiE/c (2), 

which is the Cartesian equation. 

In the figure let 06 be a borizontal line such that OG=c; 

then OG is called the directrix of the catenary. Let the tangent, 

normal and ordinate at P meet OG in T, G and Jtf. Draw MS 

perpendicular to PT. Then 

, dy 1 dy 
tan Y = j^ = - T ■ cos ^, 
^ dx c dyjr ^' 

whence y = c sec ^. 

Bat y = PM = MSsecf, 

therefore MS = c. 

Also s = c tan -^ = JtfS tan 1^ = PS, 

which shows that the locus of iS is the involute of the catenary. 

Again if p be the radius of curvature at P, 

p = — =cseCV^ 

= pj|f8eci^ = PG, 
whence the centre of curvature of P is at a point 0* on QP 
produced such that PO' = PG. 

If a catenary revolve about its directrix, the line PG is the 
radius of curvature of the circular section of the surface of revolu- 
tion thereby generated, whilst PO" is the radius of curvature of 
the meridian section; and it is known from solid geometry that 
these are the two principal sections of the surface. Hence the 
surface generated by the revolution of a catenary about its 
directrix belongs to the class of surfaces which have their two 
principal radii of curvature equal and opposite. 

346. It can also be shown by the method of § 311 that if a 

parabola roll on a abratght line, the locus of its focus is a catenary. 
If however the conic is a central one, the locus of the focus is 
a more complicated curve*. 

* Besanl, Notei on RouUttei, p. 47. 
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347, The involute of a cateoar}' is a curve called the Tractrix 
or Tractory. To fiad its equation, we observe that the curve is 
the locus of S, whence if (x, y) denote the coordinates of S, 

y = ccos^ 

and 8P = c tan ^ = -rr > 

whence 8= c log sec yjr, 

which is the intrinsic equation of the curve. 

Again ^-sm^., 

, dx 

whence 

therefore x = c log (tan ^ + see ^) — c sin ^fr. 

Eliminating -^ we get 

« + (c* - y*)* = c log |c/y + {c=/y - 1)*1. 

348. There are a variety of other curves of an analogous 
kind, such as the catenary of equal strength and the catenary 
formed by an elastic string ; but for the discussion of these curves 
we must refer to works on Statics. There is also a curve called 
the elastica, which is the curve assumed by an elastic wire whose 
natural form is a straight line, which is bent io its own plane 
without torsion. This curve is discussed in ray Elementary 
Treatise on Hydrodynamics and Sound, and by putting a = 
in (7) of § 139 of the second edition of that treatise, it can be 
shown that if the string joining the ends of an elastic wire is of 
such a length that it is the normal at the two extremities of the 
wire, the equation of the elastica is of the form 



dy (ia* - y*)i ' 
the string being the axis of x, and the origin its middle point. 
This I'esult, combined with § 314, leads to the theorem that : — 
If a rectangular hyperbola roll on a straight line, the locus of its 
centre is an elastica. 

The equation of the curve assumed by a rectangular piece of 
flexible and inextensible material filled with liquid, whose sides 
AB, CD are fastened to the sides of a box, and whose other sides fit 
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the box ao closely that the liquid cannot escape, was first investi- 
gated by James Bernoulli*, who called it the lintearia. The 
curve is, however, the same as an elastica 



349. We shall conclude this chapter with an account of 
certain spiral curvea 

The equiangular spiral, or the logarithmic spiral as it is some- 
times called, is a curve such that the tangent at any point makes 
a constant angle with the radius vector. 

To find its equation, let a be the angle of the spiral, then 

de_ 

dr 



= tana, 



whence r = ae"*"' 

The p and r equation of the curve h 
^ = r sin a. 




Hence if from the origin a straight line be drawn perpendicular 
to OP to meet the normal in G", then (/ is the centre of curva- 
ture of P. 

Let OO'^r", 0'0X = ff; then 

r' = r cot a, 0" = — ^, 

• Besaat'B Hydrotnechama, Ch. vm. ; WsIIoh'b HydrosUUUal FrobUmi, p. 307. 
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whence / = aeot a. «'*'+*'""", 

and therefore the evolute is a similar spiral. Also the pedal is 

OF=asiiia.c"»"-, 

which is a similar spiral. 

350. The spiral of Archimedes ia the curve r = a6; and by 
§ 343 it is the pedal of the involute of a circle. 

The hyperbolic spiral is the curve r6 = a, and is the reciprocal 
polar of the involute of a circle. It has an asymptote whose 
distance from the initial line is a. 

The lituus ia the curve r*6 = a\ and the initial line is an 
asymptote. These last three spirals are included in the equation 
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CHAPTER XII. 

THEORY OF PROJECTION. 

351. The theory of projection is explained in treatises on 
Conice, but since it affords a powerful method of deducing 
general properties of curves from those of curves of a more simple 
form we shall explain its leading features, and then apply it 
to deduce properties of cubic and quartic curves. 

If a curve S be drawn in any plane s, and if with any point V 
as vertex a cone be described whose generators pass through S, 
the curve of intersection of the cone with any plane / is called 
the projection of S. 

If any straight line through the vertex cut the planes a and if 
in P and P", these points are called corresponding points. In 
other words, the projection of P on the plane z' is called the point 
corresponding to P. 

The projection of any straight line is obviously another 
straight line. Also if any straight line cuts a curve in n points 
Pj, P,, ... Pn, its projection will cut the projection of the curve in 
n corresponding points P,', P^', ... P«'. But since every straight 
line cuts a curve of the nth degree in n real or imaginary points, 
it follows that the projections of the line and curve cut one 
another in the same number of points. Hence the projection 
of a curve of the »th degree is another curve of the same degree ; 
also a tangent to a curve projects into a tangent to the projection 
of the curve, and every singularity on a curve projects into the 
same singularity on the projected curve. 

It can be shown by elementary geometry that the projection 
of a triangle on any parallel plane is a similar triangle ; from 
which it follows that the projection of a polygon on a parallel 
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plaue is a similar polygon. Also since every curve may be 
regarded as the limit of a polygon, it follows that the projection 
of any curve on a parallel plane is a similar curve. 

Through the vertex V draw a plane parallel to z cutting the 
plane z' in a straight line V ; then the line (' is the projection on 
z of the line at infinity on z. Similarly if a plane through V 
parallel to / cut zial, the projection of ^ is the line at infinity on 
z'. Hence any line on z can be projected to infinity, whilst the 
line at infinity on z can be projected into any line on /. From 
this retiult it follows that the properties of curves having singulari- 
ties at a finite distance from the origin can he deduced from those 
of curves having the corresponding singularities at infinity; 
whence the properties of quartics having a pair of imaginary 
nodes or cusps may he deduced from the known properties of 
bicircular quartics and cartesians. We shall also show that the 
properties of a curve having a pair of real nodes or cusps may 
be deduced from those of a curve having a pair of imaginary 
ones ; from which it follows that the properties of curves having 
imfiginary singularities can be deduced from those having real 
ones and vice verad. The theory of projection can also be em- 
ployed to examine whether a curve has a singularity at infinity, 
since any point on the line at infinity can be projected into the 
origin. 

All straight lines which are parallel to the line of intersec- 
tion of the plane of projection with the original plane, project 
into parallel straight lines; bub parallel lines which are not 
parallel to this line project into lines passing through a point, 
which is the intersection of the projection of the line at infinity 
with the common line of intersection of the planes passing 
through the parallel straight lines and the vertex. 

352. A projection introduces five independent constants. 

Since the projection of a curve on a parallel plane is a 
similar curve, we may without loss of generality suppose the 
plane of projection to pass through a point in the original 
plane, which we shall choose as the origin of three rectangular 
axes Ox, Oy, Oz, of which Oz is perpendicular to the original 
plane. When the equation of a curve referred to Ox, Oy is 
given, its projection is completely determined by the coordi- 
nates (f , »), f) of V the vertex, the inclination e of the plane of 
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projection to the original plane, and the angle t] which their 
line of intersection makes with the axis of x or y, which are the 
five constants in question. 

353. Any given triangle can be projected into any other given 
triangle, in suck a manner that any given point P in the plane 
of the first triangle corresponds to any given point Q in the 
plane of the second. 

Let ABC be the giveo triangle ; let ^1 be the origin, AB 
the axis of x, and let two lines through A in and perpendicular 
to the plane ABC be the axes of y and z. 

Let ABC be a triangle similar to the second triangle, such 
that the base AB is equal to that of the original triangle; and 
place this triangle so that the bases AB coincide, whilst the 
plane ABC makes an angle e with the plane z. 

Let (/, g, 0) be the coordinates of C, and (p, q, 0) those of 
any point P in the plane z. Then if accented letters denote 
the coordinates of the corresponding points in the plane ABC, 
the coordinates of C and P' are/', g" cose, g' eiat, and^', 5' cose, 
g' sin e respectively. Hence the equations of CC and PP' are 

/' —/ g'cose—g g'sine 
and 

'o-p ^ y-q _ __z__ 
p' ~p q' G08€ — q 3' sin e ' 

The conditions that the projection should be possible require 
that the lines CC and Pf should intersect at a point V, which 
is the vertex. Now the foregoing equations are sufficient to 
determine («, y, z), which gives the point V, and also the angle e 
which the plane of projection makes with the plane of the 
triangle. If therefore a line A'B' be drawn in the plane VAB 
parallel to AB and equal to the side A'B" of the second triangle, 
the section of the pyramid VASC by a plane through A'B 
parallel to the plane ABC will be a triangle equal to the second 
given triangle; also the point where VP cuts the plane of the 
latter triangle will be the given point Q. 

The preceding theorem shows that any quadrilateral can be 
projected into a square. For let A BCD be the quadrilateral, and 
A'B'C'jy a square; then the triangle ABC oan be projected into 



Digitized ByGOOgle 



236 



THEORY OF PROJBCTIOK. 



the isosceles right-angled triangle A'SC so that the point U 
corresponds to D. 

354. We shall now give the analytical formulae for projection, 
and shall first suppose that the axis of y is the line of intersec- 
tion of the two planes, and that the axis of x in the plane of 
projection is the projection of the original axis of x. 




Let AB be the line of intersection of the plane of projection 
AFB with the original plane CPM ; let V be the vertex, VG 
perpendicular to the plane CPM; CM, OR parallel to the axes of 
X and y. het (x, y) be the coordinates of P referred to the 
origin 0, and let OB be the axis of y ; also let {x', /) be the 
coordinates of the corresponding point P' referred to axes in the 
plane OPB, of which OB is the axis of y", and a line in this plane 
perpendicular to OB is the axis of x'. Let (f, i}, f) be the coordi- 
nates of V; e = angle P'BN. Then 

P-Jf PN MN' PM-NN' 
VC PC MC ~P~M "' 



also since OJ. - 1,, 4C=-f, yC-{, 


plicated 
transfer 




accordingly 

a:'(rcos.-fsin.)\ 
" f-<.'ain€ -1 
y'?-Asin€ 1 ■ 
^ f-j;'siue 1 
which are the requii-ed formulae. More con 
be obtained by the usual methods for the 
coordinates. 


(1). 

ones can 
oiation of 
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The alternative formulae are 

^.^ __.<„_ . 

f cos 6 — f sin € + a; sin e 
, _ xi\ sin « + y (? cos € — f sin «) 
" f eoa e — f sin e + 3; sin « 

35o. Any two points can be projected into the ctwular poitUs 
at infinity and vice verad. 

Let P and Q be two points in the plane z'. Take a point 
as origin in the line of intersection of the planes z and z', such 
that OPQ is an isosceles triangle whose vertex is 0, and let the 
equations of OP, OQ he y' = ± mas ; and let the equation of PQ 
be s^ = l. 

Through PQ draw a plane parallel to the plane z, and let the 
vertex F be a point in this plane whose coordinates referred to 
are f, 0, I sin «. Then the equation of the projection of OP on 
the plane z is 

y (f cos e — f) = m/a;, 

and the projection of P is the intersection of this line with the 
line at infinity on z. If this point is the circular point x = ly, we 





lease- ^= tml. 


Let 


= iTr-(/9; then co3e = (sinhA whence 




l-U(Bm)lfi-m). 




1-0. 




j:=!cosh^. 


Acco 


rdingly (2) become 




tml i-x 

,mly 

" twl + n 










•■(3), 



which give 



-w 
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Equations (3) ftiriiisb formulae by means of which (vny two 
real points can be projected into the circular points ; whilst (4) 
furnish formulae for projecting the circular points into a pair of 
real points. It will be observed that the projection is imaginary. 

356. It appears from the foregoing articles that all properties 
of a curve which do not involve the magnitude of lines or angles 
are capable of being generalized by projection ; whilst those which 
depend upon the magnitude of such quantities cannot be general- 
ized by this method, except in certain special cases. Hence the 
properties of curves are frequently divided into two classes called 
metric and descriptive, according as they do or do not involve the 
magnitudes of lines and angles. But properties relating to lines 
cutting one another at a constant angle, which include theorems 
concerning orthoptic loci, can be generalized by projection as we 
shall proceed to show. 

357. It is shown in treatises on Conies that the anharmonic 
ratio of a pencil remains altered by projection; from which it 
follows that if a line is divided harmonically, its projection is also 
divided harmonically. It is also known that the four straight lines 
a, yS, a + k^, a — feyS, which pass through the point C of the triangle 
of reference, form a harmonic pencil ; from which it follows that if 
through a point any two lines be drawn at right angles to one 
another, these lines, together with the pair of imaginary lines 
drawn from to the circular points at inanity, form a harmonic 
pencil. Hence properties of lines intersecting at right angles can 
be projected into harmonic properties. 

Again, if two straight lines intersect at a constant angle, the 
anharmonic ratio of the pencil formed by them and the two lines 
drawn fiom their point of intersection to the circular points is 
also constant. Hence properties connected with lines which in- 
tersect at a constant angle can be generalized by projection. 

358. The theory of projection also shows that the partivity 
of a curve may be equal to, but cannot exceed, its degree. To 
fix our ideas, consider an elliptic lima^on with two real points 
of inhesion. If any line in the plane of the curve be projected 
to infinity, the projected curve will be quadripartite, tripartite, 
bipartite or unipartite according bs the line intersects the curve 
in (i) four real points, (ii) two distinct and two coincident real 
points, (iii) two real and two imaginary points, and (iv) four 
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imaginary points respectively. Also by means of an imaginary 
projection an elliptic lima^on with two imaginary points of 
inflexion can be projected into a quadripartite quartic. 

359. In order to apply the theory of projection with advantage, 
the first step is to draw up a table of the simplest form or forms 
which curves of any given species can assume. The next step is 
to investigate the properties of these simple forms by any con- 
venient method, and then to generalize those which are capable of 
projection. We shall therefore pi-oceed to examine some of the 
simplest forms of cubic and quartic curves, and shall incidentally 
show that a variety of results, some of which are known whilst 
others are probably new, may be deduced from the properties of 
various well known curves. 



360. Any nodal cubic can be projected iiUo the logocyclic 
curve; and every cuspidal cubic into a ciesoid. 

The equation of the logocyclic curve in its simplest form is 
X (a^ + y') = a (x' — y'), and therefore contains one constant. 
Transfer the origin to any point in the plane (x, y) and two 
more constants will be introduced, which make three. Project 
on any plane passing through the new origin, and five more 
constants will be introduced making eight, which is the number 
of independent constants which the general equation of a nodal 
cubic contains. 

The logocyclic curve has one real point of inflexion / at in- 
finity, and the asymptote is the inflexional tangent ; hence the 
tangent at the vertex A is the tangent drawn from the real 
point of inflexion to the curve. Now since the nodal tangents 
bisect the angles between 01 and OA (which are at right angles) 
it follows that these lines together with the nodal tangents form 
a harmonic pencil ; hence the possibility of projecting any nodal 
cubic into the logocyclic curve, depends upon the following theorem, 
which we shall proceed to prove. 

361. If from any point of inflexion A of a cubic whose node 
is B, a tangent he dra/wn touching the curve at 0, the lines BA, 
BC together with the nodal tangents form a harmonic pencil. 
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If ABC be the triangle of reference, the equation of tfee cubic 

and the nodal tangents at B are ^' + Twf = 0, which together 
with BA, BC form a harmonic peDcil. 

It might however have happened, in the caae of a nodal cubic, 
that the four lines in question did not form a harmonic pencil, in 
which case it would not be possible to project every nodal cubic 
into the logocyclic curve. We shall have examples of this in the 
case of quartic curves ; and it is necessary to warn the reader that 
counting the constants is not always a safe process, since the 
condition thereby furnished^ although a necessary one, is not 
always a sufficient one. 

It can be shown in a similar manner that every cuspidal cubic 
can be projected into a cissoid ; also since the reciprocal curve is a 
cubic of the third class, properties of one cuspidal cubic can be 
deduced from those of another by reciprocation. 

362. We shall now give some examples of the projective 
properties of nodal cubics. From the theorems of g§ 131 and 
127 we obtain: — 

(i) From the point of contact A of the tangent from any point 
of inflexion I of a nodal cubic, draw a chord APP". Join IP' 
cutting the cubic in p. Then the tangents at P and p intersect on 
the curve. 

(ii) If from a point of inflexion of a nodal cubic a tangent be 
drawn, and through the point of contact any chord he drawn, the 
locus of the point of intersection of the tangents at the other two 
points where the chord cuts the curve is a cuspidal cubic, whose cusp 
coincides with the node of the cubic. 

The reciprocal theorem is the following : — 

(iii) Let any cuspidal tangent of a tricuspidal quartic cut the 
curve at ; from any point on the tangent at draw a pair of 
tangents to the quartic. Then the envelope of their chord of contact 
is a cuspidal cubic. 

363. Every anautotomic cubic can be projected into the circular 
culnc 

a;(!^' + f±a') = b{^-y'). 
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For if the origin be transferred to aoy point two new constants 
are introduced, and projection adds five more making altogether 
nine, which is the number of independent constants which the 
general equation of a cubic curve contains. 

364. There is another form of an aoautotomic cubic which is 
occasional!}' useful, in which the circular points are points of 
inflexion. This form, so to speak, localizes the circular points, and 
thereby enables properties connected with points of inflexion to 
be deduced from those of the circular points. By § 123 the 
equation in question may be written 

(a^+3'')(« + «) + C = 0, 

where a; + d = is the tangent at the real point of inflexion at 
infinity. By transferring the origin to one of the points where 
the axis oix cuts the curve, the equation may be written 

where by § 49, a: + ;9 = is the tangent at the real point of 
inflexion at infinity. If the origin is a node, a = 3/3 and the 
equation of the curve becomes 

which is the trisectrix of Maclaunn. 

365. It may be shown by the method of § 70, that an ellipse 
intersects the lines y = ± ihxja at two imi^nary points at infinity, 
which may be called the elliptic points at infinity; hence a theory 
of elliptic cubica exists of the same character as that of circular 
cubics. The equation of such a cubic is 

w, {a^ja^ + y^jlf) + «, + m, + «, = 0, 

and the properties of these curves may be derived either directly 
or by projecting those of circular cubica. When the two points 
coincide, we obtain a parabolic point at infinity, which is the point 
of contact of a parabola with the line at infinity; whilst the 
hyperbolic points at infinity are the two real points where a 
hyperbola touches its asymptotes. 
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Quartic Curves. 



366, We shall first consider the projection of a quartic with 
three double points. 

We have already shown that any two imaginaiy points may be 
projected into a pair of real points ; if therefore a quartic has a 
pair of imaginary nodes or cusps, the curve may be projected into 
a quartic haviag a pair of real nodes or cusps ; also the triangle 
whose vertices are the double points may be projected into an 
equilateral triangle, such that any given point in its plane 
coincides with any given point in the plane of the original 
triangle. Whence : — 

Any trtcuspujcti quartic may be projected into a three-cusped 
kypocycloid or into a cardioid. 

The projection may be accomplished in the first case by 
projecting the cuspidal triangle into a real equilateral triangle, 
whose centre of gravity coincides with the point of intersection of 
the three cuspidal tangents ; whilst in the second case, two of the 
cusps must be projected into the circular points at infinity. 

367. We shall now give some examples. 

We have shown in § 325 that : — If any tangent to a three- 
cusped kypocycloid cuts the curve in P and Q, the tangents at these 
points intersect at right angles on a circle which touchy the hypo- 
cycloid at three points ; also the line at infinity is the only double 
tangent, and the points of contact are the circular points. Whence 
by projection r — 

(i) If any tangent to a tricuspidal quartic cuts the curve in 
P and Q, the tangents at these points intersect on a conic, which 
(a) touches the quartic at three points; (^) intersects it at the points 
of contact of the double tangent ; (y) also the point of intersection 
of the three cuspidal tangents is the pole of the double tangent with 
respect to the conic. 

From § 357, it follows that:— 

(ii) The two ta-agenta, together with the lines joining their 
point of intersection with the points of contact of the double tangent, 
form a harmonic paicU. 



Digitized ByGOOgle 



QUARTIC CURVB8. 243 

In § 301 we proved that : — 

Taiigents at the extremities of a chord dravm through the real 
cusp of a cardioid intersect at right angles on a circle, whose centre 
is the triple/ocus, and which toitches the cardioid at the point where 
the cuspidal tangent intersects it. 

Whence by projection : — 

(iii) If through any cusp of a tricusptdal quartic a chord be 
drawn cutting the curve in P and Q, the tangents at these points 
intersect on a conic which (a) touches the quartic at the point of 
intersection of the cuspidal tangent toith the quartic ; (0) passes 
through the other two cusps of the quartic ; (y) also the point of 
intersection of the cuspidal tangents to the quartic is the pole of the 
line joining the other two cusps with respect to the conic. 

(iv) The tangents at P and Q, together with the lines joining 
their point of intersection with the other two cusps, form a harvwnic 
pencil. 

From the theorem that the evolute of a cardioid is another 
cardioid, we obtain : — 

(v) Through any point P on a tricuspidal quartic draw two 
straight lines to a pair of cusps ; draw the tangent at P and tlie 
harmonic conjugate of these three straight lines. Then the envelope 
of the harmonic conjugate is another tricuspidal quartic, two of 
whose cusps coincide with the pair of cusps of the original quartic. 

368. Any quartic having a node and a pair of cusps can be 
projected into a lima^on. 

For the quartic can be projected into a curve having a node at 
the origin and a pair of cusps at the circular points, and the 
limagon is the only quartic having these singularities at the above 
mentioned points. 

The ninth species of quartics, of which the lima^on is one of 
the simplest forms, is of great interest owing to the &ct that such 
curves reciprocate into quartics of the fourth class. We may 
therefore deduce properties of quartics belonging to this species 
by first projecting those of the lima^on, and then reciprocating the 
projected curve with respect to any origin. 

369. In the lima9on, the nodal tangents, the line joining the 
node with the triple focus and the line drawn through the node 

16—2 
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parallel to the double tangent form a harmonic pencil. The two 
last lines being parallel, intersect on the line at infinity ; whence 
the projective theorem ia : — 

(i) In any quartic of the ninth species, the nodal tangents, 
together with the lines joining the node to thepoint of intersection of 
the ca^idal ta,ngenta and to that of ike dovble tangent with the line 
drawn through the cusps, form, a harmonic pencil. 

A direct proof of this theorem may be given as follows. Let 
A be the node, B and C the cusps, D the point of intersection of 
the cuspidal tangents and E the point where the double tangent 
interaecta BC. The equation of the quartic ia 

\'^ + fi'i^' + t^jS" - 2affy {la + 1^$ + \^} = (1), 

whence the equation of AD is 

1-/9-/17 = (2). 

By § 191, the equation of the double tangent ia 
{I + fj,p)a + 2X(i'j9 + /i7) = 0, 
whence the equation oi AE is 

v0+^ = O (3). 

The equation of the nodal tangents is 

i^^ + MV-2iy37=0, 
whence writing 1 = /tv cosh S, the equation of the nodal tangents 
becomea 

"^-f-f-' =01 

which shows that the four linea (2), (3) and (4) form a harmonic 
pencil. 

370. From the theorem of § 287 we obtain by projection : — 

(ii) Tangents at the extremities of any chord throvgh the node 
of the quartic intersect on a nodal cutic, which passes through the 
cusps of the quartic. 

Beciprocating this theorem, we obtain : — 

(iii) From any point on the double tangent to the quartic draw 
a pair of tangents to the curve ; tlien the envelope of the chord of 
contact is a iricuspidal quoHic, whidi touches the two infleanonat 
tangents of the first quartic. 
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The external focus ^i is the only single focus of an elliptic 
lima9on, and is therefore the intersection of the tangents drawn 
from the circular points to the curve ; whence by projecting the 
theorem of § 286 we obtain : — 

(iv) From each cusp draw a tangent to the quartic, and through 
their point of intersection draw a chord cutting the quartic in two 
real points ; then the locus of the point of intersection of the tangents 
at these points is a cuspidal cubic which passes through the cusps of 
the quartic, and whose cusp coincides with the node of the quartic. 

Reciprocating, we obtain : — 

(v) Let be any point on the lime joining the two points where 
the two inflexional tangents intersect the curve ; from draw a pair 
of tangents to the quartic which touch the curve at two real points; 
then tile envelope of the chord of contact is a cuspidal cutno which 
touches the inflexional tangents of the quartic, and whose inflewional 
tangent is the double tangent to the original quartic. 

One caution is necessary. The line through the external focus 
of an elliptic lima^on cute the curve in two real points P, Q and 
two imaginary ones P", Q", or in four imaginary points. Now an 
imaginary projection, which converts the circular points into two 
real cusps, may convert the two imaginary points P', Q* into two 
real points, whilst P and Q still remain real Hence we must be 
careful to take the tangents at the pair of points corresponding to 
P and Q or P" and Q*, and not to P and P". Similar observations 
apply to the reciprocal theorem, 

371. Every quartic having three biflecnodes may be projected 
into a lemniscate of BemotUli. 

We have shown in § 170 that when a quartic has three biflec- 
nodes two of them must be real and one complex, or one must be 
real and the other two imaginary. Hence in the two respective 
cases, the two real or the two imaginary bi6ecnodes must be 
projected into the circular pointB at infinity, and the curve will 
become a lemniscate. 

372. Properties of quartics having three biflecnodes may also 
be deduced from those of the four-cusped hypocycloid, or the 
evolute of an ellipse. We have shown in § 332 that the reciprocal 
polar of the hypocycloid is o' ^a^ + g*) = a^, which if the axes are 



^dByGoogle 



246 THBOBY OP PROJECTION. 

turned through an angle J tt becomes 4a'(a:* + y') = (ii^ — y')'. By 
§ 188 this curve has a complex biilecnode at the origin and a pair 
of real ones at infinity which lie on the lines y= ±x, and if in (3) 
of § 356 we put l^ixi , in = I,the resulting formulae project the 
two real biflecnodes into the circular points, aad the curve projects 
into the lemniscate 4a'{y— a!*)=(a^ + y')'. Applying this pro- 
jection to the theorem at the end of § 339, the circle becomes a 
rectangular hyperbola, whence : — 

If a pair of real tangenia be drawn to a leviniscate from any 
point on the curve, the envelope of the chord of contact ia a rect- 
avgular hyperbola whose centre is the real node of the lemniscate. 

In the general case of any quartic with three biflecnodea, the 
locus is a conic ; but when four reai tangents can be drawn from a 
point on the quartic, care must be taken to select the two pairs 
which correspond to the two real or two imaginary tangents which 
can be drawn to the lemniscate. 

373. Properties of quartics having two nodes and a cusp or 
three nodes may be deduced from those of bicircular quartics 
having the same siugularities. In the first case the bicircular 
quartic must be the inverse of a parabola, and in the second case 
the inverse of a central conic. 

374>. Another class of simple forms may be deduced by the 
following method, which is one of general application. Let the 
triangle of reference be projected into an equilateral triangle in 
such a manner that the line ia + mff + wy = becomes the line at 
infinity. Then if (a, /?, 7), (o', ^, 7') be corresponding points in 
the two planes, it follows that the line (I, m, n) is projected into 
the line a' + ^ + y =0; hence we may take a' = la, ^ = mff, 
y = ny, and the substitution of these values in the equation of the 
curve will furnish a simpler curve of the same species, 

375. When a trinodai quartic is such that the tangents at 
each node together with the lines joining this node to the other 
two nodes form a harmonic pencil, the quartic can be projected 
into another curve in which the three nodes are situated at the 
vertices of an equilateral triangle and the lines bisecting the three 
nodal tangents intersect at the centre of gravity of the triangle. 
For this special class of quartics the theorems of §§ 192 — 4 may 
be at once proved by inspection ; but although theorems connected 
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with this special class of quartics cannot he generalized for every 
trinodal quartic hy projection, it is worth while to point out that 
the study of a special form may often suggest theorems which, 
although incapahle of being proved in the general case by pro- 
jection, are nevertheless true, and may be established by other 
methods. We may add that the lemniscate of Gerono, § 258, is 
one of the simplest quartics having a hiflecnode and a tacnode ; 
whilst the conchoid of Nicomedes, § 305, is one of the simplest 
forms of a quartic having a tacnode and one other double point, 
which may be a node or a cusp. 

376. All the projective properties of binodal quartics, in 
which the two nodes are of the eatne kind, may be deduced from 
those of bicircular quartics ; but if the nodes are different, as in 
the case of a quartic having an ordinary node and a fiecnode, this 
method cannot be employed, but a special investigation is neces- 
sary. The projective properties of bicuspidal quartics may be 
deduced from those of cartesians. 

377. With regard to quartics having a tacnode cusp or an 
oscnode ; or a rhamphoid cusp or a tacnode with or without 
another double point, simple forms may be obtained by taking 
the singularity as the origin or projecting it to infinity. And 
when there are two singularities, both may be projected to infinity 
by performing this operation on the line joining them. 



On a Special Quartic. 

378. The general expression for a ternary quartic contains 
fifteen terms which may be arranged in five sets of three. The 
leading terms of each set are a'; o*|S; a*y; c^^; a^ffy, constant 
multipliers being understood. 

The first set equated to zero is the equation of a quartic 
having twelve points of undulation, four of which are real and the 
remaining eight are imaginary. The second set is the quartic 
whose properties will nowbe discussed, whilst the third set repre- 
sents the same quartic differently situated with respect to the 
triangle of reference. The fourth set is the equation of a quartic 
having three bifiecnodes. The fifth set represents four straight 
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lines ; whilst the sum of the fourth and fifth sets ia the equation 
of a quartic having three double points. 

379. The equation 

ie('y3 + mj9V + wya = (1) 

has been considered by Klein in connection with a septimic trans- 
formation in the Theory of Functions*. Putting a = 0, we obtain 
y9*7 = 0, which shows that C is a point of inflexion, and that BC is 
the tangent at C; hence A, B and C are points of inflexion, and 
CA, AB and BG are the tangents at these points. The peculiarity 
of this quartic is that there are three other real points of inflexion 
A', S, C such that A'B, E'er, CA' are the tangents at these 
points, and that the equation of the quartic referred to A'BC is 
of the form Xa'V + f^v''^ + "y^"' = ; »lso a conic can be described 
through the six points A, B, C, A', B, O. It will, however, be 
unnecessary to consider the general case, since the above theorems 
can be proved by investigating the special case of a quartic which 
is symmetrically situated with respect to an equilateral triangle, 
and then generalizing by projection. 

380. The equation of the quartic may now Jse written 

=r'^ + ^ + 7'=' = (2), 

and the equation of the circle circumscribing the triangle of 
reference is 

^7 + 7a+«jS = (3). 

To find where (3) cuts (2), eliminate 7 and put j8/a =< k, and we 
shall obtain 

«/Sl(l + fc)'-(l+fc)'fc'--{?}=0 (4). 

The first factor shows that the quartic passes through B and 
A ; and the second factor gives the remaining five points of inter- 
section of the circle and the quartic. This may be written in the 
form 

(l + fc + jf)(l+2i-fc'-(fc') = (5). 

The factor 1 + fc + P, when equated to zero, gives the lines 
joining G to the circular points at infinity; whilst the equation 

ifc'-l-i» = 2A;+I <6) 

* Siath. AMnalen, vol. iiv. p. 428. 

Digitized ByGOOgle 



ON A SPECIAL QUARTIC. 249 

gives the remaining three points A', V, C; and we shall now 
show that these are points of inflesion. 

Let the equation of GA' be ak = 0, where k is one of the roots 
of (6) ; then since A' lies on (3), we find that the equation of AA' 
ifl /9 + (&+!) 7 = 0, whence the coordinates of A' are 

= ka, y = -kal(l+k) (7). 

Also the polar- conic of any point (f, rj, f) is 

«'^? + /9^f+yff+«-8^ + /971?' + 7a^-0 (8), 

and therefore the polar conic of A' is 

'»--^r-^*^-^,-»^=» <»'■ 

and the discriminant is 
Now (6) may be written 

dif-'-' <"'■ 

Uaing this in the third term of (10) we obtain 



i+lU+i 



+ l+lf-St\. 



Using (6) again, we obtain after some reduction 



Whence the polar conic of A' breaks up into two straight lines, 
and therefore A' is a point of inflexion. In the same way it can 
be shown that if and C are points of inflexion ; whence a circle 
can be described through all six points of inflexion. 

From (7) it follows that the equation of a line through C 
parallel to AA' is 

a(l+k) + k^ = (12), 
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and this line iatersects the circamacribing circle at a point S' 
such that 7 = ^/9; whence the coordinates of S' are 

a = -A:y8/(l + fc). 7 = -i:y9 (13). 

Now if in (6) we substitute — (1 + /:)/4 for k, we shall find that 
it is satisfied ; hence this quantity is another root of the cubic, 
which shows that S' is one of the points of intersection of the 
circumscribing circle with the curve ; hence B" coincides with S. 
In the same way it can be shown that the coordinates of O arc 

a = A7, ^ /?//(l+/:) (14), 

and that C(7 is parallel to A'B. Whence the three pairs of 
straight lines AA' , CB' \ BE, AC; GC, BA' are respectively 
parallel to one another; also — (1 + A)~' is the third root of the 
cubic (6). Collecting our results, we find that the coordinates of 
A', B", C ai* determined by the equations 

A', fi = ka, y = -kal(l + k)\ 

B, a = -k^l(l + k), y = km (15). 

a, a=-ky, ff = -kyj{l+k)} 
The equation of the tangent at A' is 

« (3ft + £■) + /8 (3« + P) + 7 (3K + rt - 0. 
Substituting the values of (f, ij, £} from the first of (16), this 
becomes 

'{^-a-tM'-mM'^\^h <«>• 

To prove that the tangent at A' passes through B", substitute 
for (a, yS, y) in (16) the coordinates of B" irom the second of (15), 
and we obtain 

(TTF).-* + ^ + ^ + (ITS)- 

which by means of (6) and (11) may be shown to vanish. This 
shows that A'B", B'C, C'A' are the tangents at the points of 
inflexion A', B', C. 

381, It remains to prove that the triangle A'B'C is equi- 
lateral. 

Since BB" ie parallel to AC, and ABRC lie on a circle, 
B'CA = -:r- CBB = BAG'; 
whence A +CAa = G ^-ACA'. 
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Also A = C = BC'A 

= BCA' + AC'A'. 
Whence C == BfTA' + CAC, 

accordingly BCB' = CAC 

= CBC = CBC, 
whence BU is parallel to SC and AA'. Accordingly 

BG-A' = BAA'~AB(?, 
therefore iir = £ = GBU + ABC 

~BG'B + BCA' = C, 
whence the triangle A'BC is equilateral. 

382. The quartic (1) is anautotomic; for its discriminant is 
equal to 2&lmn, which cannot vanish unless one of the constants 
J, m, n is zero, in which case the quartic splits up into a cubic and 
a straight line. 

By tracing the symmetrical quartic, it can easily be seen that 
the points A, A', &c. are the only six real points of inflexion ; and 
also that the quartic has only three real double tangents which 
touch the curve at real points, and that the six real points of 
inflexion and the sis points of contact of these double tangents lie 
on two concentric circles. If in addition we eliminate 7 between 
(2) and the line at infinity, we obtain (a» + a^+/9*)* = 0, which 
shows that this line is a double tangent whose points of contact 
are the circular points. If therefore we generalize by a real 
projection, we obtain the theorem : — 

The six reed paints of injtexion, and the six real points of 
contact of the three dovble tangents lie on two conies which touch one 
another at the two imaginary points where a fourth real dovble 
tangent touches the quartic. 

The projection may be accomplished as follows. Let the 
equilateral triangle ABC be projected into the triangle A'B^C \ 
and let («, ^, y) and (a', ^, y') be the coordinates of two corre- 
sponding points P and P" in the two planes referred to the triangles 
ABC and A' EC respectively; also let the projection be such 
that 
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then the line at infinity and the circumscribing circle project into 
the line 

a'l\ + fflfi + y'lv = 0. 

and the conic \(a' + nj^ 4- vjy' = 0, 

whilst the quartic projects into the curve 

a''ffj\'ft. + (8 v/^'v + yv/i^ = 0, 

which will be identical with (1) if X ™ (m'll*n)" &c. &c. 
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ADDENDA AND CORRIGENDA. 



I. In §§ 27 — 28 the number of tangeats which can be drawn to a 
curve from a node or a ouap should be ni - 4 and m — 3 respectively. 

From any point not on a curve the number of tangents ia m. 
When lies on the curve, two of the tangents coalesce with the 
tangent at 0, leaving m - 2. When is a node, two pairs of tangents 
coalesce with the two nodal tangents, leaving m — 4. When is a cusp, 
three tangents coalesce with the cuspidal tangent, leaving tm — 3. 



II. The Ca/yleyom, of a rtodol eubie is a conic. 

The investigation of § 118 is not applicable to nodal oubioa, since 
the canonical form has been used. We shall therefore prove that the 
Cayleyan of the logocyclic curve is a conic, whence by projection the 
theorem is true for any nodal cubic. 

The equation of the curve is x(a? + y^) = a{a? — ^); whence writing 
down the polar conic of any point (h, k) from (8) of § 130 it will be 
found that the equation of the Hessian is 



5M? + A' = a(A=-A').. 



also if £ and ij be the reciprocals of the intercepts which the polar 
conic cuts off from the axes 



Since the polar conic of every nodal cubic passes tbroDgh the node, 
it follows that if (k, k) lie on the Hessian, the polar conic consists of 
the line xi-t-yr)=l and a line through the origin. The envelope of the 
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former line is the Cajleytm; whence eliminating (h, k) between (1) and 
(2), the tangential equation of the Cayleyan will be found to be 

which represents a conic. 

III. In connection with trinodal qnarticB, the following theorem 
due to Ferrers* may be noticed. His proof is instructive since it 
illuatrat«B a method by which properties of trinodal quartics may be 
derived from conies. The theorem is ; — 

The »ix itaHonary tangents of a tritwdal quarlte touch a conic. 
Let the equation of the trinodal quartic be 

Aj8'y' + ^ya» + m'^ + 2a^Y{&. + m^ + ny) = (1), 

and that of any tangent be 

i^^v^^ty^o..:. (2). 

If one of the coordinates, say y, be eliminated, the condition that 
(2) should be a stationary tangent is that three of the roots of the 
resulting equation in a/y8 should be equal. If therefore we write l/o, 
1/^, l/y for a, j8, y the conditions are the same as that the conies 

Xa^ + ix^+yf+il^y+^mya + ^nafi^O (3) 

and epy+yr/a + iaP^O (4) 

should have a contact of the second order with one another. Writing 
these ia the form S-0, S'^O, it follows that if it be determined so 
that the discriminant of 5 + iiS* = vanishes, the last equation will 
represent the three pairs of straight lines which can be drawn through 
the points of intersection of 5" and S'. By (4) of § 2, it follows that if 
A, A' be the discriminants of S and S' the discriminant of S+ £■? when 
equated to zero is 

aA" + Se*" + 30'A + A' = (5), 

where 

The conditions that the conies S and S should have a contact of 
the second order with one another are that the three roots of (5) should 
be equal ; which by (13) of g 7 are that 

» = ? = * (6). 

* Quart. Joum., vol. ivni. p. 73. 
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•^f_ Theae equations are equivalent to ^@' = & and X'%=&*; the first 

^^ of which, being an equation of the second degree ia i, rj, I, ia the 

tangential equation of a conic which b tonched by the six infiexional 

tangents. The Becond equation represents a curve of the fourth class, 

which also touches the six inflexioQal tangents. 

ug fc IV, The duplication of the cube may be effected by means of the 
n m conchoid of Nicomedes in the following manner. 

"""' Let AB = a, AC-b be two straight lines intersecting at right an^es 

at A. On AG produced take a point D such that AD = 2b. On the 
^ side of AC remote from B take a point 0, such that OAC is an isosceles 
triangle whose aides OA, OC are each equal to Ja. Draw OM perpen- 
dicular to AC, and through A draw AE parallel to OD; draw OB 

(I, perpendicular to AE, and with as the node and AE as the asymptote 

describe the conchoid 

T = OE cosec + ^ 
cutting CA iu P. Join OP cntting AE in Q; then AP and OQ are the 
tw^o required mean proportionals. 
. -' Since ,i2> = 2fi and PQ=\a, and 

Z>" OQ : PQ :: AD : AP, 

^ we have OQ.AP^ab (1), 

'' Also OM'^\{a'-b% 

I' {OQ + ia)» = OP' = OM^ + PM-' 

ffnc- = i («»-&') + (-I/' + i6)', 

wd' whence AP{AP-*-b) = OQ((}Q^a), 

W'- and therefore by (1) AP*=a^b; 

t^ ^. , A£ AP OQ 

,^: accordingly AP'OQ'^AC- 

' The three famous problems of antiquity were (i) the quadratnre of 

jjj the circle; (ii) the duplication of the cube, or the problem of finding 

two mean proportionals between two straight lines ; and (iii) the tri- 

section of an angle. The reader who desires to study the history of 

this subject is referred to the following works : — Leslie's Geometrical 

^noJ^m, edition 1821 ; Oovr'a Siitory of Greek Malhematict; lardner's 

Algebraic Geometry; Gr^ory's Bxam^lee; the Articles by De Morgan 

'*** in the Petmy Cj/clajKedia; and Klein's Famovs Problems of Elementary 

"^ GetmePry. 

THE END. 
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